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Abstract: The structural, electronic, thermal and lattice thermal
transport properties of the three hypothetical quaternary Heusler
alloys FeRuTiX (X = Si, Ge, Sn) were investigated with the aid of first-
principles were found to be
semiconducting with a small indirect band gap. Flat bands near the

calculations. All compounds
conduction band edge and degenerate multi-bands near the valance
band edge suggest that these systems should exhibit both large
Seebeck coefficients and good electrical conductivity. The analysis of
the calculated vibrational spectra showed that the three compounds
are thermodynamically stable. The computed lattice thermal
conductivity indicates that among the three compounds that of
FeRuTiSn is rather low at high temperature. Indeed, a low lattice
thermal conductivity (~3.5 Wm™'K™" at 1000 K) together with a small
electronic band gap (0.51 eV) with an appropriate electronic structure
(disperse and flat bands) render FeRuTiSn a promising candidate as
a high-temperature thermoelectric material.
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1 Introduction

For thermoelectric applications, i.e., converting waste heat into
electricity, good materials are selected on the basis of the
magnitude of their dimensionless figure of merit, ZT, which is
directly related to the conversion efficiency [1-6]. ZT is defined as
(S?0T) /x, where S is the Seebeck coefficient, o is the electrical
conductivity, T is the absolute temperature, and « is the total
thermal conductivity (the sum of the electronic contribution, e,
and the lattice contribution, x) of the compound [1, 7].
Consequently, for a large efficiency, a material should exhibit high
ZT values which require large S and o, and small . This condition
is very challenging to fulfill since S, o, and xe are interrelated and
depend all on the carrier concentration, n. Indeed, assuming the
empirical Wiedemann-Franz law, ke = LoT, where L is the Lorentz
number, the electronic thermal conductivity is affected by the
change of the electronic structure upon the optimization of the
power factor (PF = S?g) [1, 7]. On the other hand, x solely
depends upon the lattice environment, and phonon engineering
and lattice softening play a very effective role in diminishing or
even suppressing the lattice thermal conductivity through atomic
disordering, heavy mass element substitutions, lowering the
dimension from 3D to 2D or 1D, and nano-structuring [8-14].
Thanks to both numerous experimental and computational
investigations, all these aspects have been successfully applied
to many Heusler alloys to improve their figure of merit [8—10, 16—
271].

Indeed, over the last several decades, Heusler alloys have been
studied extensively due to their wide range of applications in
spintronic, magnetic, superconducting, mechanical [28] and
thermoelectric areas to mention a few [29-35]. Based on their
chemical formula and atomic arrangements of the constituting
elements, the large class of Heusler compounds can be broadly
classified into three categories: half-Heusler (general formula
ABC), full-Heusler (A2BC), and quaternary Heusler (AA’BC)
compounds [29-42]. Their properties can often be predicted
simply by counting the number of their valence electrons [43, 44].
For instance, the quaternary Heusler alloys, referred to as QHAs,
can display metallic, half-metallic, non-magnetic, magnetic and
semiconducting properties depending on the valence electron
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count per formula [36,38, 45-48]. From the thermoelectric point
of view, some QHAs can exhibit favorable electronic
(semiconducting ground state with band gap values in the range
of 0.5 — 1.0 eV) and lattice degrees of freedom for tailoring
interesting thermoelectric properties for high-temperature
applications [36, 38, 49-54]. For example, cobalt-based QHAs
with half-metallic/semiconducting electronic structures have been
reported [55-60]. Half-metallic QHAs have also been proposed
for their promising electronic, magnetic, and thermoelectric
properties due to their high power factors [55-63].

In the search for new thermoelectric materials, first-principles
calculations can play a complementary role in both predicting new
materials properties, as well as providing a theoretical basis for
observed phenomena [64]. Benefits of first-principles exploratory
research has been llustrated for some half-Heusler
thermoelectrics [67, 68]. Some QHAs have also come into view
as potential thermoelectric candidates on the basis of theoretical
studies [69]. Though there are numerous options for selecting
elements to propose novel QHAs, Fe—Si-based Heusler alloys are
particularly attractive due to their cheap, non-toxic, and earth
plentiful nature, and their robust chemical and thermal stability
[70-72]. In addition, the formation of hybridized Fe 3d-Si 3p
electronic states near the Fermi level should make them suitable
for reasonable transport properties [17]. Indeed, computations on
hypothetical 24-valence-electron QHAs of formula FeRuTiX (X =
Si, Ge, Sn) have shown non-magnetic ground states with a small
energy bandgap (0.5 — 0.6 eV), one of the prerequisites for
promising thermoelectric properties [3, 38, 73—75]. Not long ago
we ourselves theoretically looked at the thermoelectric properties
of FeRuTiSi, in particular the electronic thermal conductivity,
proposing a large potential value of ZT close to unity for this
hypothetical QHA [74]. High thermal conductivity, which can be
as high as 10 Wm™'K"", is one important drawback for high ZT in
Heusler materials [77] and therefore knowing the thermal
conductivity can provide more realistic information on computed
ZT of hypothetical QHAs. Thus, detailed electronic and phonon
structure calculations for thermal stability and practical
applicability of these compounds for thermoelectric applications
are highly desirable [77]. Using first-principles calculations, we
have investigated the thermodynamical stability, the electronic
and vibrational structures, as well as the thermal transport
properties of the hypothetical FeRuTiX QHAs (X = Si, Ge, Sn)
which are reported first time to the best of our knowledge.

2 Results and discussion
2.1 Structural properties

The unit cell of FeRuTiX (X = Si, Ge, Sn) is shown in Figure 1a.
To estimate the equilibrium lattice parameters, calculations of
self-consistency energies with a set of different volumes of the
unit cell were first performed for each compound using the PBE
and TB-mBJ exchange-correlation functionals (see Section 4 for
the computational details). We checked the most stable crystal
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structure for FeRuTiX (X = Si, Ge, Sn) alloys with three different
possible configurations, Ti: Fe (1/4, Va, Va ), Ru (1/2, %, V%), Ti (3/4,
%4, 3/4), X (0, 0, 0); Tu: Fe (1/4, Y4, Va ), Ru (3/4, %, %), Ti (1/2, 2,
2), X (0, 0, 0); and Tu: Fe (1/2, ', V2), Ru (1/4, Ya, Va), Ti (3/4, %,
%), X (0, 0, 0), as described in an earlier report by Kundu et al.
[38]. The comparison of the total energy obtained from the SCF
calculations shown in Figure 1b, 1c, 1d clearly suggests that type
two (Tu) structure is energetically more stable than the other types,
i.e, Trand Tufor all FeRuTiX QHAs (X = Si, Ge, Sn) compounds.
Therefore, we have further considered the most stable structure,
i.e., type Ty for the calculations of structural, electronic and
thermal properties. The energy vs. volume plots for all three
compounds are shown in Figure 1e, 1f, and 1g. The computed
equilibrium lattice constants (ao) and bulk modulii (Bo) are
reported in Table 1. As expected, the equilibrium cell parameter
increases with the size of the main-group element. It is in the
range of the lattice constants experimentally observed for
comparable QHAs such as CoRhMnGe (ao = 5.89 A), CoORhMnGa
(a0 =5.976 A), CORhMnSn (ao = 6.149 A), CoORhMnSb (ao = 6.048
A)[90, 91].
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Figure 1. (a) Unit cell of FeRuTiX (X = Si, Ge, Sn), (b-d) total energy of FeRuTiX
(X = Si, Ge, Sn) compounds with different structural configurations, and energy
vs. volume curves for (e) FeRuTiSi, (f) FeRuTiGe, and (g) FeRuTiSn. The solid
symbols represent the calculated energy values, and the solid lines are the
fitting curves of the equation of states.

The calculated values of the lattice constant using GGA functional
for other similar QHAs, with cubic crystal structure containing Fe,
Ru, Si, Ge as constituent elements, have similar lattice constant
in the range of 5.7 — 6.3 A [39, 60-73]]. However, the electronic
structure shows different features including metallic, semi-metallic,
half-metallic, and semiconductors with a large variation in the
value of band gaps and magnetic moments [39]. The calculated
values of the total energy are found to be higher for the spin-
polarized calculations as compared to non-spin polarized ones for
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all the considered systems. This confirms that all these
compounds are non-magnetic. For all the three systems, the
equilibrium lattice constants computed with the PBE functional
are found to be slightly larger (ca. 1%) than those computed with
the the TB-mBJ functional. Such a small overestimation of PBE-
computed cell parameters in comparison to the TB-mBJ
computed ones was already noticed in the case of full-Heusler
compounds [83]. We noted that our PBE-computed values are ca.
1% larger than those obtained by Guo et al. using the same PBE
exchange-correlation functional but a different DFT code [73].

Table 1: Calculated lattice constant ao, bulk modulus Bo, and bandgap (Eg)
for FeRuTiX compounds (X = Si, Ge, Sn) using the PBE and TB-mBJ
exchange-correlation functionals.

Compound Lattice constant ao  Bulk modulus Bo  Energy band gap
(A) (GPa) Eq(eV)
Functional PBE TB-mBJ PBE TB-mBJ PBE TB-mBJ
FeRuTiSi 5.871 5.804 226.29 260.16 0.32 0.59
5.841731 0.40
FeRuTiGe 5.964 5.897 221.74 246.85 0.18 0.55
5.93[73 0.21
) 6.186 6.124
FeRuTiSn 205.28 232.13 0.03 0.51
6.19(731
0.09

The calculated equilibrium bulk modulus (Bo) values slightly
diminish going from Si to Sn for both functionals (Table 1). We
noted that if the TB-mBJ functional gave slightly smaller
equilibrium lattice constants with respect to PBE, it overestimates
somewhat the equilibrium bulk modulii (ca. 12-15%). The
difference in bulk modulus values using two different exchange-
correlation functionals is due to the difference in the energy vs.
volume curvature obtained for each compound.

2.2 Electronic structure analysis

The total density of states (DOS) using the computed equilibrium
lattice parameters of the three compounds was estimated
employing both the PBE and TB-mBJ functionals. The values of
the computed band gap for each compound are reported in Table
1. All the compounds show a small bandgap indicating a
semiconducting ground state character as reported earlier [73].
With the PBE functional — which generally underestimates
bandgaps, the bandgap values are 0.32, 0.18, and 0.03 eV for
FeRuTiSi, FeRuTiGe, and FeRuTiSn, respectively. These values
are slightly lower than the values reported earlier by Guo et al.
(shown in Table 1) using a different DFT code [73]. As expected,
larger bandgap values are computed using the TB-mBJ functional,
which are 0.59, 0.55, and 0.51 eV for FeRuTiSi, FeRuTiGe, and
FeRuTiSn, respectively, values which are ‘good’ values for
thermoelectric materials. Both functionals show a decreasing
trend in the bandgap from Si- to Ge- to Sn-containing QHAs. This
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is consistent with the augmentation of the covalent character

TDOS (States/eVunit-cell)

between the metals and non-metals as we move from Si to Sn.

The shapes of the PBE- and TB-mBJ-computed total DOS are
nearly identical. They just differ by the fact that the conduction
band (CB) is shifted to higher energy with respect to that of the
former (Figure 2).

LEAAR AR AR KA MM MM LEAAAS MM R KA LA ERAAS LAAAAS A RS MR RAAM ERAAS

TDOS (States/eV/unit-cell)
TDOS (States/eV/unit-cell)

Y
1
6 4 2 0 2 4 6
Energy (eV)

Energy (eV)

Figure 2. Total density of states for FeRuTiSi (a), FeRuTiGe (b), and FeRuTiSn
(c).

Since it is known that the TB-mBJ functional provides rather
accurate bandgaps, we continue the analysis of the electronic
structure using only the TB-mBJ results [80-82]. Atom-projected
densities of states (PDOS) are shown in Figure 3. The top of the
valence band (VB) and the bottom of the conduction band (CB)
are mainly Fe in character. Sharp peaks of DOS should be good
for large Seebeck coefficients. The Ti and Ru contributions are
more spread out in energy which should feature good electrical
properties. Strong covalence between metal and non-metal
atoms reflects in the non-metal contribution which is largely
spread out all over the VB and CB. To know the effective role of
the band character in transport properties, the electronic band
dispersion was also analyzed along some high-symmetry lines of
the first Brillouin zone (BZ) (Figure 4) [90, 91]. The band structure
confirms semiconducting properties with an indirect band gap
between a valence-band maximum at I” and a conduction band
minimum at X for all the three compounds. A triply degenerate-
state situation is observed for the VB at I, whereas a more
complex situation occurs for the CB at X with degenerate (X = Ge)
or nearly degenerate bands (X = Si, Sn). Note that flat bands are
computed at the bottom of the CB which should manifest in high
effective masses and therefore large and negative Seebeck
coefficients for these compounds [83].
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Figure 3. (a) Total density of states (TDOS), and atom-projected DOS shown
are (b) FeRuTiSi, (c) FeRuTiGe, and (d) FeRuTiSn computed with the TB-mBJ
functional.

FeRuTiGe

Energy(eV)

Energy(eV)

Figure 4. Electronic band dispersion plots for FeRuTiSi (a), FeRuTiGe (b), and
FeRuTiSn (c) computed with the TB-mBJ functional. See the Brillouin zone (d)
for the corresponding symmetry lines W— L — I"'= X - W (d) [92, 93].

2.3 Phonon structure analysis

The phonon dispersion and phonon density of states (phonon-
DOS) for FeRuTiSi, FeRuTiGe, and FeRuTiSn were calculated
using the PBE exchange correlation functional for more expedient
computations. Figure 5 shows the phonon dispersion plots along
some high-symmetry lines in the first BZ (see Figure 4 for the
corresponding BZ) [92, 93]. All vibrational spectra show real
frequencies, suggesting that all the three compounds are
thermodynamically stable (at least at 0 K) in the cubic phase
generally encountered for QHAs. Three acoustic modes are found
at low energy in the 0 to ~20 meV range below several optical
modes (energy > 20 meV). Among the former, two modes are
doubly degenerate along the I — X and I — L directions for all
three compounds. The degeneracy is lifted out along the W — L
symmetry line. It is clearly visible that the set of both acoustic and
optical vibration modes are more constrained in energy and softer
as we go from Si to Sn (Figure 5). This was expected because of
the frequency (energy) and mass relationship. In comparison to
the Si and Ge, the mass of the Sn is larger. Indeed, within the
harmonic approximation, the vibrational frequencies are inversely
proportional to the square root of the mass [i.e., @ o« \(k/m) with
w, the frequency, k the stiffness, and m the mass] of the
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constituting elements of the compounds. Inversely, the light mass
elements contribute to the upper optical branch modes found
around 50 meV for FeRuTiSi, 40 meV for FeRuTiGe, and 33 meV
for FeRuTiSn.
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Figure 5. PBE-computed phonon dispersion plots for FeRuTiSi (a), FeRuTiGe
(b), and FeRuTiSn (c).

The total and atom-projected phonon-DOS for the three
compounds are shown in Figure 6. It is evident that the acoustic
phonon modes which are important for thermal transport because
of their larger sound velocity, mostly involve vibrations of the
heavier elements. The phonon-DOS at very low energy is larger
in the case of FeRuTiSn with respect to FeRuTiSi and FeRuTiGe.

Phonon DOS (states/ meV/ unit cell)

Phonon PDOS (states/ meV/ atom)
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Consequently, the lowest thermal conductivity among these three
compounds is expected for the former.
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Figure 6. Total (a) and atom-projected (b, c, d) vibrational density of states of
FeRuTiSi, FeRuTiGe, and FeRuTiSn, respectively.

2.4 Thermal properties and lattice thermal conductivity

The thermal properties, namely the Helmholtz free energy (F),
entropy (S), and constant volume-specific heat (Cv) were
computed as a function of temperature for the three compounds
from their phonon density of states. The results shown in Figure
7 indicate similar thermal properties for FeRuTiSi and FeRuTiGe.
On the other hand, a smaller free energy and a higher entropy are
noticed for FeRuTiSn, especially at high temperature. This may
be due to higher intensity of phonon-DOS found in the lower
energy range observed for FeRuTiSn with respect to FeRuTiSi
and FeRuTiGe.
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Figure 7. (a) Free energy (F), (b) entropy (S) and, (c) specific heat at constant
volume (Cv) versus the temperature for FeRuTiSi, FeRuTiGe, and FeRuTiSn.

The specific heat calculated for all the compounds approaches
the Dulong-Petit limit at high temperature. In the low-temperature
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region below 400 K, the magnitude of Cv for FeRuTiSn is slightly
higher than for the two other compounds.
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Figure 8. Lattice thermal conductivity (x)) as a function of temperature for
FeRuTiSi, FeRuTiGe, and FeRuTiSn compounds.

Finally, the lattice thermal conductivity (x) with respect to the
temperature (200 — 1000 K) was computed for the three
compounds (Figure 8). As expected, x of FeRuTiSn is notably
smaller than that of the two other congeners all over the
temperature range. Nevertheless, a rather high x is observed,
especially at low temperature for all compounds, which is
detrimental for a high ZT. With that respect, values computed here
for our hypothetical compounds are comparable to those
generally measured experimentally for QHAs [50]. However, a
decreasing trend in xwith increasing temperature is noticed and
values below 10 Wm™'K-! are computed at high temperature. This
decrease might be due to the excitation of phonon modes as the
temperature increases which collectively induce more effective
phonon scattering. Overall, the values of the total thermal
conductivity in the case of FeRuTiSn are found to be the lowest
ones in the entire temperature region under study. This is mainly
due to the low frequency phonon modes available for both
acoustic and optical branches which appear due to presence of
the heavy elements Ru and Sn together. As a result, the lattice
thermal conductivity at room temperature for FeRuTiSn (k;= ~7.6
Wm'K-") is nearly half of that reported by Choudhary et al. [100]
for the Fe2TiSn compound (k= 14.8 Wm'K™"). Interestingly, the
rather low thermal conductivity computed for FeRuTiSn at high
temperature (< 4 Wm™'K™' at 900 K) compares well to that
computed for the QHA CoFeTiAl (3.79 Wm'K™" at 900 K) [56].
Indeed, theoretical results reported here provide new possible
materials for thermoelectric applications with suitable electronic
structure and low thermal conductivity. These computationally
guided results should be useful for experimental investigations on
these materials in the near future.

3 Conclusions
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In summary, we have here systematically investigated the
structural, electronic, thermal and lattice thermal transport
properties of the three hypothetical quaternary Heusler alloys
FeRuTiX (X = Si, Ge, Sn) using first-principles calculations. This
method has recently proven to be the more accurate method for
first-principles electronic structure calculations of oxides,
antimonide based superlattices, Heusler alloys, chalcogenides,
carbides, nitrides, max-phase compounds, etc. [86-93]. All
compounds are found to be non-magnetic with a semiconducting
behavior with an indirect band gap character (ca. 0.5 eV at the
TB-mBJ level of calculations). The flat band characteristics near
the conduction band edge and the presence of degenerate multi-
bands near the valance band edge suggest that these systems
should exhibit both large Seebeck coefficients and electrical
conductivity. The calculated vibrational spectra show thermal
stability for all the compounds and predict the feasibility of sample
synthesis. The computed lattice thermal conductivity indicates
that among the three compounds that of FeRuTiSn shows a very
small magnitude especially at high temperature. Indeed, a low
lattice thermal conductivity (~3.5 Wm™'K-! at 1000 K) together with
a small electronic band gap (0.51 eV) with an appropriate
electronic structure (disperse and flat bands) render FeRuTiSn a
promising candidate as a high-temperature thermoelectric
material. These theoretical findings should strongly encourage
further experimental works in this direction.

4 Computational details

The all-electron full-potential augmented plane-wave (FP-LAPW) density-
functional theory method implemented in the Wien2K code was used [76].
The density of states (DOS) and band structures were estimated using the
equilibrium lattice parameters obtained from structural optimization of the
lattice parameters of the unit cell of FeRuTiX (X = Si, Ge, Sn), within the
LiMgPdSn structure (F43m, No. 216), with the atom position coordinates
Fe (1/4,1/4,1/4), Ru (3/4,3/4,3/4), Ti (1/2,1/2,1/2), and X (0,0,0) [39]. The
Perdew, Burke and Ernzerhof (PBE) functional was used for the exchange-
correlation energy functional [77, 78]. Electronic structure results were also
estimated using the Tran-Blaha modified Becke-Johnson (TB-mBJ)
exchange functional as it has been found to provide better results for
semiconductor compounds [79-82]. In the self-consistent field calculations,
the value of energy/unit cell convergence was set to the 10° Ry. The
energy cut-off and RurKmax were set to —6.0 Ry and 7.0, respectively. The
charge density was Fourier expanded up to the reciprocal vector Gmax = —
12 A1, The k-point meshes for the structural optimization and electronic
structure calculations were obtained from 15 x 15 x 15 and 20 x 20 x 20
grids, respectively. For the band structure plot, a total of 1000 k-points was
used in the irreducible part of the Brillouin zone.

The thermal transport properties were calculated using the projector
augmented-wave (PAW) method implemented in the Vienna Ab-initio
Simulation Package (VASP) package [83]. The Perdew, Burke and
Ernzerhof (PBE) functional was used for the exchange-correlation energy
functional [77, 78, 84]. The kinetic energy cutoff for plane wave expansions
was set to 500 eV, and a Brillouin zone sampling k-point mesh of 16 x 16
x 16 was used. Phonon density of states (PDOS) and phonon dispersions
were estimated with the frozen phonon methods implemented in the
PHONOPY package [85] using 2 x 2 x 2 supercells containing 32 atoms.
The thermodynamic stability of the structures were checked by estimating
the phonon frequencies of the acoustic and optical mode phonons along
high symmetry directions within the framework of the force constant
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method in which real-space force constants of the supercell are calculated
by utilizing the density functional perturbation theory. Based on the first-
principles linearized Boltzmann transport equation (LBTE) in single-mode
relaxation time (SMRT) approximation, the lattice thermal conductivities
were calculated using the PHONO3PY code [86] interfaced with the VASP
code. The estimation of force constant was carried out using the density
functional perturbation theory (DFPT) method [85] for the analysis of the
phonon properties.

The equilibrium lattice constants and bulk modulii were fitted using the
third-order Birch-Murnaghan equation of states (EOS) [87]:

3

E(V) = Eo + 222 {(%)2/3 - 1} By +
(-1} fo-a (9"

™

where E, V, Vo, Bo, and B, are the calculated energy, calculated volume,
experimental volume of the unit cell, equilibrium bulk modulus, and
pressure derivative of the bulk modulus, respectively.
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