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We investigate experimentally and analytically the coalescence of reflectionless (RL) states in symmetric
complex wave-scattering systems. We observe RL exceptional points (EPs), first with a conventional
Fabry-Perot system for which the scattering strength within the system is tuned symmetrically and then
with single- and multichannel symmetric disordered systems. We confirm that an EP of the parity-time
(PT)-symmetric RL operator is obtained for two isolated quasinormal modes when the spacing between
central frequencies is equal to the decay rate into incoming and outgoing channels. Finally, we leverage the
transfer functions associated with RL and RL-EP states to implement first- and second-order analog
differentiation.
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Exceptional points (EPs) are spectral singularities in
non-Hermitian systems at which two or more eigenvalues
and eigenstates coalesce [1–5]. EPs have mainly been
explored for resonant states that are the poles of the
scattering matrix and scattering states. In systems with
losses but no gain, finding an EP between two resonant
modes requires that the mutual coupling between reso-
nances satisfy a critical relation with their loss factors [6].
EPs are, however, more easily realizable in systems with
PT symmetry obtained by balancing gain and loss in
symmetric regions [6,7]. Many unconventional features of
EPs have been demonstrated theoretically and experi-
mentally such as the design of unidirectional invisibility
[8,9], asymmetric mode switching [10], or directional
lasing [11], to cite a few (see Refs. [6,12] for reviews).
These spectral singularities are also interesting for sensing
applications, since the energy (or frequency) splitting
between n degenerate eigenstates scales as the nth root
of the perturbation [13,14].
Recently, a new kind of EPs associated with reflection-

less (RL) scattering states rather than resonances has been
investigated [15–19]. RL states are eigenstates of a non-
Hermitian operator HRL based on the wave equation
with incoming channels connected to a scattering system
modeled as gain and outgoing channels modeled as losses
[16,17,20–22]. The eigenvalues ω̃R of HRL are distinct
from the resonance spectra related to the poles of the
scattering matrix SðωÞ. When an eigenvalue is tuned to the
real axis, the corresponding RL state enables reflectionless
coupling of incoming channels. The excitation of RL states
in multichannel systems requires appropriate wave-front
shaping [23,24].
A special case of RL EPs found for purely incoming

boundary conditions is the coalescence on the real axis of

two zeros of the complete scattering matrix SðωÞ known as
a perfectly absorbing EP [18,19,25]. The phenomenon of
coherent perfect absorption (CPA) occurs when absorption
within a scattering medium balances the excitation rate of
incoming channels [26–29]. CPA is the time reverse of
lasing at threshold [23,30] and a generalization of the
critical coupling condition [28,31]. CPA has been observed
in a wide range of regular scattering systems [32], as well as
in disordered matter [33–39]. Disordered matter can be
tuned in situ to impose a real-valued scattering zero at a
desired frequency, as reported in Ref. [33] and sub-
sequently generalized to multiple channels [35,36], to
additional constraints on the CPA wave front [37], or to
multiple simultaneous real-valued zeros [39]. When two
CPA states coalesce, the broadened line shape of the
absorption spectrum indicates the existence of perfectly
absorbing EPs [18,19,25].
In flux-conserving systems, the probability of finding RL

scattering modes with zero reflection and, therefore, perfect
transmission is naturally enhanced in scattering systems
with mirror symmetry for which the RL operator is PT
symmetric and RL eigenvalues feature an exciting property.
An RL eigenvalue remains on the real axis under continu-
ous perturbation of the system until it coalesces with a
second one at an EP before splitting into a complex-
conjugate pair [17,18,22]. The spectral broadening of the
transmission peak corresponding to RL EPs has been
observed in ac filters at the Butterworth condition
[40,41], in multimirror cavities [42–44], and in numerical
simulations of quantum dots [45] and atomic wires [46],
though not interpreted as an EP. However, while isolated
RL states can be analyzed within the framework of
quasinormal modes using the coupled mode theory
(CMT) [19], a clear experimental demonstration of RL
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EPs in disordered systems and an analysis in terms of
complex resonances has to date not been reported.
In this Letter, we experimentally observe the existence of

RL EPs in symmetric regular and disordered systems that
are tuned toward this scattering anomaly by inserting a
symmetric defect. While our experimental system has a
measurable degree of absorption, it is small enough to
clearly observe the coalescence of two RL states. We start
with a multimirror Fabry-Perot cavity for which the
reflectivity at the center is progressively increased. Our
harmonic analysis reveals that an RL EP is obtained for two
overlapping resonances when the spacing between the
central frequencies is equal to their linewidth. Our exper-
imental results in the microwave range are in excellent
agreement with the CMT that describes the coupling of
these two resonances [19]. We then demonstrate RL EPs in
disordered single- and multichannel waveguides. Finally,
we show that designing systems operating at an RL EP is
relevant to analog computations of derivatives.
We measure spectra of the reflection coefficient rðνÞ and

the transmission coefficient tðνÞ through a single-mode
rectangular waveguide supporting only the fundamental
transverse-electric mode between 7 and 11 GHz (length
L ¼ 400 mm, width W ¼ 22.86 mm, and height H ¼
10.16 mm) with two coax-to-waveguide transitions
attached to the openings [see Fig. 1(a)]. A dielectric
alumina slab of reflectivity R0 ¼ 0.25 (see Supplemental
Material [47]) is positioned between each transition and the
waveguide to increase the internal reflection at the inter-
faces. A perturbation is introduced symmetrically with
respect to the center of the waveguide by inserting two

aluminum rods (diameter 2 mm) through two holes drilled
into the top plate and spaced by 12 mm. The penetration
depth z varies from 0 to 8 mm in steps of Δz ¼ 0.02 mm
(Δz ∼ λ=1666). This system is, therefore, equivalent to a
multimirror Fabry-Perot interferometer with tunable reflec-
tivity at the center.
A color map of the reflection Rðν; zÞ ¼ jrðν; zÞj2 is

shown in Fig. 1(b) on a logarithmic scale. In the absence
of the perturbation (z ¼ 0), the frequencies corresponding
to extremely small reflection (bright area) are regularly
spaced. As the penetration depth z increases, the RL
frequencies move closer until they coalesce for a critical
perturbation (z ¼ zEP). The two peaks on the spectrum of
RðνÞ found in the underperturbed regime (z < zEP) trans-
form into a single broadband one at zEP with a flattened
quartic line shape which is characteristic of EPs
[18,19,25,39]. Once two RL eigenvalues have collapsed,
they leave the real axis as complex-conjugate pairs. In the
overperturbed regime z > zEP, the minimum of RðνÞ
increases with z as the imaginary part of RL eigenvalues
moves away from the real axis. In contrast, for an
asymmetrical perturbation of the Fabry-Perot cavity (a
single rod inserted at x ¼ L=4), the zero-reflection frequen-
cies do not collapse but move independently in the complex
plane [see Fig. 1(c)].
The same procedure is then repeated for samples without

an alumina slab and with two alumina slabs at each
interface, yielding R0 ¼ 0.002 and R0 ¼ 0.46, respectively.
For the smallest R0, the reflectivity is solely due to the small
impedance mismatch between the transitions and the
waveguide. In each case, a symmetric perturbation leads

(b)

(c)

(d) (e) (f )

(a)

FIG. 1. (a) Experimental setup. The penetration depth z of two symmetrical rods can be finely controlled with a translation stage. Inset:
a channel (coax-to-waveguide transition) with an empty opening or with an alumina slab placed in front to increase the reflectivity at the
waveguide interfaces. (b),(c) Color scale representation of the reflection on a decibel scale, 10 log½Rðν; zÞ�, measured with a vector
network analyzer between 8 and 10 GHz for a symmetric (b) and an asymmetric (c) perturbation. RL EPs appear when two branches
with R ∼ 0 shown in yellow coincide. (d)–(f) Rðν; zÞ in the underperturbed z < zEP (d), critically perturbed z ¼ zEP (e), and
overperturbed z > zEP (f) regimes as a function of rescaled frequency ν − ν0 (ν0 ¼ 8.2 GHz). Spectra are shown for zero (green line),
one (red line), and two (blue line) dielectric slabs at each interface. The corresponding RL eigenvalues ω̃R� found from Eq. (2) are
shown on the top in the complex plane. They coalesce at complex frequencies with a small imaginary part resulting from absorption
Im½ωR�� ¼ −γa, with γa ¼ 30 MHz.
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to the formation of RL EPs. The linewidth of resonances
decreases with increasing R0, and the spectral dips corre-
sponding to RL states narrow as seen in Figs. 1(d)–1(f).
We now analyze RL eigenvalues found by tracking the

local minima of Rðω; zÞ in terms of quasinormal modes that
are solutions of the wave equation with purely outgoing
boundary conditions (i.e., for both left and right channels).
The eigenstates ψnðxÞ are associated with complex
frequencies ω̃n ¼ ωn − iΓn=2 with central frequency ωn
and linewidth Γn. We extract the set of complex frequencies
ω̃n from a modal analysis of transmission spectra between 7
and 11 GHz using the harmonic inversion method [51,52]
(see Supplemental Material [47]). In the absence of
perturbation, the central frequencies almost coincide
with RL frequencies. However, for z ¼ zEP, two over-
lapping resonances mainly contribute to the flattened
transmission peak as seen in Fig. 2(a). Two peaks are
observed on the spectrum of the density of states (DOS)
ρ ¼ ð1=2πÞΣnðΓn=2Þ=½ðω − ωnÞ2 þ ðΓn=2Þ2� in Fig. 2(b)
with a spacing between central frequencies approximately
given by the linewidths. This confirms experimentally that,
in three-mirror resonators, RL EPs are associated with two
noncoalescing resonances as expected from the relation to
Butterworth filters [40] and from numerical results [17].
Even for the highest penetration depth of the rods, the
resonances do not merge.

To further confirm that the coalescence of zeros on RðνÞ
forms an RL EP, we now derive analytical expressions for
ω̃n and RL eigenvalues ω̃R using standard CMT [19]. The
effective Hamiltonian Heff of the open system is expressed
in the basis of two successive modes of a closed one-
dimensional waveguide, Heff ¼H0− iV0VT

0=2− iV1VT
1=2,

withH0 being a diagonal matrix with elements ω0 − δω0=2
and ω0 þ δω0=2. The left and right vectors V0 and V1

account for the coupling of the closed system to the
channels and are real for systems with time-reversal
symmetry. The scattering matrix is written SðωÞ ¼
1 − iVT ½ω1 −Heff �−1V, where V ¼ ½V0;V1�. For an empty
one-dimensional cavity of length L, the nth eigenfunction
of the closed systems is ψnðxÞ ¼ ð2=LÞ sinðnπx=LÞ.
Because the EPs in our system result from the overlap
of two resonances with high quality factors, we restrict our
analysis to a two-level Hamiltonian as previously done in
Ref. [19] for a CPA EP. We, consider an even resonance
[n≡ 0 ðmod 2Þ] and an odd resonance [n≡ 1 ðmod 2Þ].
The coupling vectors are related to the derivative of ψnðxÞ
at x ¼ 0 and x ¼ L. V0 is, therefore, symmetric, V0 ¼
ffiffiffiffiffiffiffi

γ=2
p ð11Þ, and V1 is antisymmetric, V1 ¼

ffiffiffiffiffiffiffi

γ=2
p ð1 − 1Þ.

The coupling rate γ=2 of each channel to the cavity depends
on the reflectivity at the interfaces of the waveguide. The
effective Hamiltonian is, therefore, a diagonal matrix with
eigenvalues ω̃M� ¼ ω0 � δω0=2 − iγ=2 (see Supplemental
Material [47]).
Inserting a rod in the middle of the waveguide leads to a

local change Δϵðx ¼ L=2Þ of the permittivity. At first
order, the frequency shift of a resonance is Δωn ∝
−ΔϵðxÞjψnðxÞj2 [53,54]. For even resonances, the field
cancels at the center of the waveguide and Δωn ∼ 0. For
odd resonances, jψnðxÞj2 ≠ 0 and the central frequency
shifts toward smaller values. As the penetration depth
increases, resonances come together in pairs with central
frequencies and spacings that are functions of z, ω0ðzÞ,
and δω0ðzÞ.
RL modes are eigenvalues of the PT-symmetric operator

HR ¼ H0 þ iV0VT
0=2 − iV1VT

1=2, where an effective
gain is associated to incoming channels at the left interface.
The coupling of the channels now results in antidiagonal
terms iγ:

HR ¼ ω0ðzÞ1þ 1

2

�−δω0ðzÞ iγ

iγ δω0ðzÞ

�

: ð1Þ

The RL eigenvalues ω̃R are then found from a diagonali-
zation of HRL:

ω̃R� ¼ ω0ðzÞ �
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

δω0ðzÞ2 − γ2
q

: ð2Þ

Uniform absorption within the waveguide is incorporated
by adding an imaginary part −iγa to complex frequencies.

(a) (b)

(c) (d)

FIG. 2. (a) Modal analysis of the transmission coefficient
tðν; zEPÞ. Two modes with lines shown in orange and cyan
mainly contribute to T ¼ jtðν; zEPÞj2 (blue line), which is
perfectly reconstructed from harmonic inversion (red dashed
line). The maximum transmission is below unity Tmax ¼ 0.87 due
to non-negligible absorption. (b) The DOS presents two peaks
corresponding to the maxima of the two resonances. (c),(d) Real
(c) and imaginary (d) parts of the reflectionless eigenvalues (red
circles) and eigenfrequencies (blue crosses) with respect to z. The
black lines are the theoretical values of ω̃R found from Eq. (2)
with the values of ωnðzÞ and γðzÞ.
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We estimate from the modal analysis that γa ¼ 30 MHz
(see Supplemental Material [47]).
When the coupling is small compared to the spacing,

γ ≪ δω0, RL eigenvalues are real and coincide with the
central frequencies of resonances ωn. However, the spacing
between RL eigenvalues decreases more rapidly than
δω0ðzÞ as the perturbation strength is symmetrically tuned.
A reflectionless EP is found when losses through channels
are equal to the spacing between the two resonances,
δω0ðzEPÞ ¼ γ. For larger perturbations, the two RL eigen-
values become a complex-conjugate pair. Assuming that
δω0ðzÞ scales linearly with the penetration depth z near the
EP, δω0ðzÞ ¼ γ þ κ=2ðzEP − zÞ (see Supplemental Material
[47]), gives a splitting between RL eigenvalues for z < zEP
near the EP ω̃Rþ − ω̃R− ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γκðzEP − zÞp

which is charac-
teristic of the square-root detuning behavior of EPs under
small perturbations. The same splitting is found on imagi-
nary parts of ω̃R for z > zEP.
The experimental results in Fig. 2(c) for Re½ω̃R� are in

excellent agreement with the prediction of Eq. (2) in which
we use the values of ω0ðzÞ, γðzÞ, and δω0ðzÞ extracted from
the modal analysis. This agreement also highlights the
effectiveness of the coupled mode theory. For z < zEP, the
imaginary part of ω̃R is equal to the absorption decay rate
ΓR ¼ −γa. For z > zEP, we fit Rðω ¼ ω0Þ using the
following analytical expression for the reflection coeffi-
cient (see Supplemental Material [47] for the derivation):

r ¼ ½ω − ω0ðzÞ�2 þ ½γ2 − δω0ðzÞ2�=4
½ω − ω0ðzÞ�2 − ½δω0ðzÞ2 þ γ2�=4þ iγ½ðω − ω0ðzÞ�

¼ ðω − ω̃RþÞðω − ω̃R−Þ
ðω − ω̃MþÞðω − ω̃M−Þ

ð3Þ

and obtain excellent agreement for Im½ω̃R� in Fig. 2(d).
A signature of an EP is the flattening of RðωÞ close to

ω ¼ ω0ðzEPÞ [19,25]. Equation (3) demonstrates that RðωÞ
scales as RðωÞ ∼ ½ω − ω0ðzEPÞ�4=γ4 at an EP and, therefore,
features a quartic line shape. This is confirmed in reflection
in Fig. 1(e) and in transmission in Fig. 2(a).
RL EPs are not restricted to regular systems but exist in

any complex multiple-scattering system. We now add a
symmetric disorder made of 28 metallic spheres of diam-
eter 5 mm within the empty waveguide [see Fig. 3(a)]. The
spacing between two spheres on the left side is drawn from
a uniform random distribution, and we replicate this
disorder with a mirror symmetry on the right side. The
spectrum RðνÞ still presents clear dips corresponding to RL
states, but the spacing between two dips is now random. As
the perturbation is symmetrically inserted, pairs of these
dips collapse to give rise to RL EPs. zEP is also a random
variable which reflects the random field distribution within
the waveguide. In contrast to the Fabry-Perot cavity case,
however, not all RL eigenvalues are on the real axis for
z ¼ 0. An interesting case is the variation of RL states

around 8.73 GHz. Two eigenvalues first split at an EP for
z ¼ 1 mm, move away along the real axis, and then come
back together to form a second EP for z ¼ 3.8 mm.
We also realize an RL EP in a symmetric multichannel

systems in the regime of strongly overlapping resonances.
Two arrays of N ¼ 4 transitions operating between 11 and
16 GHz are attached to an effectively two-dimensional
rectangular cavity with metallic boundary conditions of
length L ¼ 0.5 m, width W ¼ 0.25 m, and height h ¼
8 mm (see Refs. [55,56] and Supplemental Material [47]
for details). Spectra of the N × N reflection matrices rðνÞ
are measured at both the left and right interfaces of the
cavity. The cavity is made disordered with six aluminum
rods symmetrically placed on each side of the cavity. By
tuning the penetration depth of two rods, we identify an RL
EP on the last eigenvalue τ4ðν; zÞ of r†r at 11.15 GHz. The
two zeros of τ4ðν; zÞ coalesce at the RL EP with a chara-
cteristic quartic line shape [see Fig. 3(b) and Supplemental
Material [47] for the color scale representation].
The nontrivial incident wave front vR corresponding to an

RL state is given by the eigenvector of r†r with the smallest
(near-zero) eigenvalue [24]. When the spacing δ between
two zeros is large, the corresponding eigenvectors are
independent. Their degree of correlation C ¼ jvRþv†R−j is
equal to 0.55 for δ ¼ 0.03 GHz. In contrast to diabolical
point with nondegenerate states [4], the eigenvectors
become strongly correlated with C → 1 as the two RL
states coalesce. A single eigenvalue τ4ðν; zÞwith a flattened
shape is close to zero, and no decrease is observed
on τ3ðν; zÞ.
Finally, we note that the transfer functions rðνÞ asso-

ciated with an RL state and an RL-EP state in reflection

(a)

(b)

FIG. 3. (a) Color scale representation of Rðν; zÞ for a symmetric
single-channel disordered medium. The inset shows a picture of
metallic spheres inserted within the waveguide. (b) Spectra of
reflection eigenvalues [τ1ðνÞ;…; τ4ðνÞ] in a multichannel disor-
dered cavity in the underperturbed regime (left) and tuned at an
RL EP (right). The arrows indicate the frequency of the
coalescing zeros of τ4ðνÞ.
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coincides with those of a first- and second-order differ-
entiator, respectively. Wave-based signal processing
holds the promise of being fast and energy efficient.
Implementations of higher-order derivatives have been
proposed mainly in carefully engineered static optical fiber
systems [57–61]. Recently, Ref. [39] proposed to tune the
scattering response of random overmoded scattering sys-
tems with many tunable degrees of freedom to CPA in order
to perform metaprogrammable analog differentiation with
unprecedented flexibility and fidelity; to implement higher-
order differentiation, Ref. [39] cascaded two systems tuned
to CPA in order to emulate the transfer function of a CPA
EP. Here, by controlling the depth of the perturber
penetration, we can tune our system to either an RL or
RL-EP state. In the latter case, we implement the second-
order differentiator transfer function without using any
nonlinear components. For the prototypical example of a
Gaussian input pulse, we calculate the envelopes of the
output signal based on the measured transfer function for
these two states. The results are displayed in Fig. 4 and in
agreement with the analytically expected derivative. We
attribute the imperfections to the fact that absorption
prevents our RL EP from lying directly on the real axis.
In conclusion, we have observed the coalescence of RL

states into EPs in regular and disordered single- and
multichannel scattering systems. We have shown that, in
symmetric systems where the spectrum can be modeled
with two overlapping resonances, an RL EP requires that
the spacing between two resonances is perfectly balanced
by the coupling rate of symmetric and antisymmetric
modes. An interesting extension of our work would consist
in observing EPs related to transmissionless states [62]
which theoretically provide the same behavior.
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