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INTRODUCTION

Since the discovery of ceramic BaTiO 3 , ferroelectricity has been an attractive topic in material science and engineering due to its theoretical interest and industrial applications 1 . This field of research has long been centered on ABO 3 perovskites, the family members of the first ferroelectric oxide. The most common mechanism for creating perovskite ferroelectrics lies in collective ionic displacements of electronic origin, typically driven by off-centering of the A-and/or B-site cations via the second-order Jahn-Teller (SOJT) effect [2][3][4] . However, the SOJT effect is usually favorable for nd 0 transition metal cations (Ti 4+ , Nb 5+ , Ta 5+ ) or 6s 2 post-transition metal cations (Pb 2+ , Bi 3+ ) 5,6 , and some compounds never become ferroelectric even in the presence of these SOJT-active cations [7][8][9][10] . The strict chemical requirement is problematic for the generalization of the design guidelines, making it challenging to straightforwardly synthesize ABO 3 ferroelectrics.

Recent theoretical work has developed a new mechanism for achieving a ferroelectric state, whereby two nonpolar structural distortions, commonly rotations or tilts of BO 6 octahedra, cooperatively give rise to a net polar symmetry and induce a macroscopic polarization as a by-product [11][12][13] . This novel mechanism, called hybrid improper ferroelectricity 11,14 , is active in layered perovskite oxides like Ruddlesden-Popper (RP) 15,16 and Dion-Jacobson phases 17 , and has opened a new 1 A c c e p t e d M a n u s c r i p t avenue for the rational design of ferroelectric materials [18][19][20] . This form of ferroelectricity should be prevalent in perovskiterelated materials because the octahedral rotations/tilts are ubiquitous structural distortions 21 (which are primarily of geometric origin and are driven by the size mismatch of the constituent ions). Indeed, a number of layered perovskites have been proposed as potential hybrid improper ferroelectrics through the integrated approach of symmetry arguments and first-principles calculations [22][23][24][25][26][27][28][29][30] , some of which have been experimentally confirmed to exhibit switchable polarization 31- 38 , or at least crystalize in polar structures [39][40][41][42][43][44][45][46] . One can now utilize group theory to elucidate symmetry breaking caused by given distortions and identify whether their combinations result in a polar symmetry, and then the ferroelectricity. For real technological applications, on the other hand, it is important to evaluate key parameters of ferroelectrics, including polarization, coercive field, and Curie temperature (T C ). But, generally, it is not straightforward to calculate these parameters, in particular T C , with high precision through the group-theoretical approach and first-principles calculations 47- 49 .

The Goldschmidt tolerance factor, t, is a simple chemistry descriptor for perovskite stability, and calculated by the following equation: t = (r A + r O )/ (r B + r O ), where r A , r B , and 2 r O represent the ionic radii of A-site, B-site, and O 2-, respectively. In this paper, we study n = 2 RP A 3 B 2 O 7 (Figure 1a), a prototypical example of hybrid improper ferroelectrics, and establish a predictive and quantitative relationship between T C and t. In order to examine the pure effect of varying ionic-size mismatch on T C s, we focus on (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2), RP compounds in the absence of SOJT-active cations. Sr 3 Sn 2 O 7 was recently reported as the first ferroelectric Sn insulator with switchable electric polarization 36 ; however, its ferroelectric-toparaelectric transition was not detected up to 1035 K. The relation between the ferroelectricity and the octahedral roration/tilt has also not been clarified. Here, we successfully reveal a first-order ferroelectric-to-paraelectric transition from A2 1 am to Pnab symmetry in Sr 3 Sn 2 O 7 (T C = 410 K, Figure 1b) using powder neutron diffraction (ND) and synchrotron X-ray diffraction (SXRD) as well as optical second harmonic generation (SHG). The experimental studies, complemented by first-principles density functional theory (DFT) calculations, allow us to identify the role played by the two nonpolar structural distortions-oxygen octahedral rotations (OOR, rotational modes about c axis) and oxygen octahedral tilts (OOT, rotational modes about the a and/or b axis)-in stabilizing the ferroelectric A2 1 am and paraelectric Pnab structures. Our results demonstrate that the stable ferroelectric A2 1 am phase appears through a trilinear coupling of OOR and OOT modes to a polar mode (i.e., hybrid improper ferroelectric mechanism) and that the metastable Pnab polymorph, which competes with the equilibrium A2 1 am phase, emerges from a trilinear coupling of OOR and OOT modes interacting with an antipolar mode (i.e., hybrid improper antiferroelectric mechanism) 37,50,51 . Further, we observe that the T C s increase linearly with the substitution of Ca 2+ for Sr 2+ . Remarkably, when we consider the fifteen compounds consisting of n = 2 RP ferroelectrics reported here and those reported previously (Ca 3 Ti 2 O 7 32 , Ca 3 Mn 2 O 7 40 , Sr 3 Zr 2 O 7 37 , (Ca,Sr) 3 Ti 2 O 7 34 , and Ca 3 (Ti,Mn) 2 O 7 32,35 ), a simple linear relationship is found between T C and t, despite the diversity of chemical composition. It is surprising that the T C strongly correlates with the simple chemistry-descriptor, t, based on ionic-size mismatch. Our findings show the controllability of T C in hybrid improper ferroelectrics and provide a rule of thumb for predicting T C s of as-yetunsynthesized materials that would complement the grouptheoretical design strategy.

METHODS

Experimental procedures Polycrystalline samples of (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) were synthesized by a solid-state reaction. Reagent-grade SrCO 3 (99.9%) , CaCO 3 (99.9%) and SnO 2 (99.9%) were mixed so as to obtain a stoichiometric composition, ground in an agate mortar, and pressed into a pellet. The pellet was calcinated at 1000 °C for 6 h and sintered at 1300 °C for 48 h. The resultant pellet was ground, thoroughly mixed, pelletized again, and sintered at 1500 °C for 6 h. They were slowly cooled to room temperature.

High-resolution time-of-flight ND was performed using the HRPD diffractometer at the ISIS facility, UK; data at 300 K were collected for (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2), and data at higher temperatures (300-950 K) were recorded for Sr 3 Sn 2 O 7 (x = 0). Approximately 5 g of the finely ground powder sample was housed in a vanadium can with an inner diameter of 11 mm. Using three detection banks (backscattering bank, 90° bank, and low angle bank), we obtained diffraction patterns over a time-of-flight range of 30-130 ms corresponding to a d-range of 0.65-9.0 Å. For 300 and 500 K, the diffraction patterns over a time-of-flight range of 100-200 ms were also recorded to observe the Bragg reflections in the longer d-spacing. SXRD were carried out for (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) in the temperature range of 300 to 900 K using the large Debye-Scherrer camera with MYTHEN solid-state detectors installed at SPring-8 BL02B2, Japan. The incident X-ray was monochromated at  = 0.798833 Å or 0.800484 Å. The powder sample was housed in a Lindeman capillary tube with an inner diameter of 0.1 mm and rotated continuously during measurement to diminish the effect of preferred orientation. For above 800 K, we also utilized a SiO 2 capillary tube with an inner diameter of 0.2 mm. The ND and SXRD data collected at the same temperatures were fitted simultaneously by the Rietveld 52 method with the FullProf suite 53 , otherwise they were fitted separately.

Optical SHG was measured for Sr 3 Sn 2 O 7 (x = 0) in reflection geometry using a regeneratively amplified modelocked Ti:sapphire laser (800 nm wavelength, 80 fs pulse duration, 1 kHz repetition rate). Temperature-dependent data were recorded in heating and cooling cycle between 300 and 460 K using a home-built heater. Differential scanning calorimetry (DSC) was also recorded for x = 0 sample from room temperature to 700 K by using Rigaku Thermo Plus DSC 8270 at a heating rate of 10 K/min. 119 Sn Mössbauer spectroscopy was performed at room temperature for (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) in a transmission geometry using a Ca 119m SnO 3 -ray source. The source velocity and isomer shift were calibrated by -Fe and CaSnO 3 , respectively. The spectra were analyzed by leastsquares fitting using Lorentzian functions.

First-principles calculations We carried out DFT calculations for Sr 3 Sn 2 O 7 by using the projector augmentedwave (PAW) method 54,55 and PBEsol functional [56][57][58] as implemented in the VASP code [59][60][61][62] . We employed PAW datasets with radial cutoffs of 2.1, 1.6, and 0.8 Å for Sr, Sn, and O, respectively. Plane wave cutoff energy of 550 and 700 eV was utilized for structural optimization. We used cutoff energy of 400 eV otherwise. The following states were regarded as valence states: Sr 4s, 4p, and 5s; Sn 4d, 5s, and 5p; O 2s and 2p. Lattice constants and fractional coordinates were optimized until the residual stress and forces converged down to 0.01 GPa and 1 meV/ Å, respectively.

Phonon frequencies and eigenvectors were calculated utilizing a frozen-phonon method as implemented in the PHONOPY code 63 . The phonon dispersion curves were drawn for a standard primitive cell 64,65 along a q-space path based on crystallography 66 . Our systematic stable structure exploration was conducted in a previously reported way 37,[67][68][69][70] .

Frequencies of the Brillouin zone-center phonon modes were calculated for a × × 1 supercell of the tetragonal 2 2 conventional cell (space group: I4/mmm) of aristotype phase with a 4 × 4 × 1 k-point mesh. We note that zone-boundary phonon modes at the X and M points for an I4/mmm primitive cell are included in the zone-center phonon modes for the supercell via band folding. When imaginary frequency phonon modes were found, we distorted the parent I4/mmm aristotype structure according to the eigenvectors of the unstable modes, optimized the structural parameters of the lower-symmetry structures, and calculated the phonon frequencies to see if there is any phonon instability. This process was iterated unless the obtained structure was found to be dynamically stable. The cell metric was fixed during the stable structure exploration.

For energy surface calculations, structural distortions were decomposed into symmetry-adapted modes of the parent I4/mmm phase using the AMPLIMODES 71 tool available at the Bilbao Crystallographic Server. The mode amplitude is defined as a square root of the sum of squared displacement vectors. The distortion patterns were visualized by the VESTA code 72 .

RESULTS

Room-temperature structure of Sr 3 Sn 2 O 7

The roomtemperature structure of Sr 3 Sn 2 O 7 was previously reported by laboratory XRD and dark-field transmission electron microscopy 36 . We revisit the crystal structure at 300 K by using high-resolution ND, which provides much more accurate oxygen parameters than those obtained from XRD. Although the main reflections of the ND pattern at 300 K can be indexed with the tetragonal I4/mmm aristotype structure, additional h+1/2 k+1/2 l superlattice reflections (e.g., 3/2 3/2 3 reflection and 5/2 1/2 2 reflection in Figure 2a and2b) were observed, together with the splitting of basic hhl reflections (e.g., basic 116 reflection in Figure 2c). The superlattice reflections and reflection splittings are also found in the SXRD pattern at 300 K. These features indicate the symmetry-lowering from tetragonal to orthorhombic with an enlarged unit cell metric, a p × a p × c p , where a p and c p are the pseudotetragonal 2 2 lattice parameters. The larger cell was also reported in the previous works 36,73 . Note that no impurity phases were detected from either ND or SXRD data. The observed reflection conditions in the orthorhombic setting are hkl: k + l = 2n, 0kl: k + l = 2n, h0l: h, l = 2n, hk0: k = 2n, h00: h = 2n, 0k0: k = 2n, and 00l: l = 2n (n: integer). Noncentrosymmetric and polar A2 1 am, and centrosymmetric and nonpolar Amam space groups have been derived from the reflection conditions and the compatibility with n = 2 RP structures. The structural model in A2 1 am symmetry involves two distinct OOT and OOR represented by a -a -c 0 and a 0 a 0 c + , respectively, in Glazer notation 74 , whereas the Amam structure only involves a -a -c 0 -type OOT. These out-of-phase OOT and in-phase OOR modes transform as the irreducible representation (irrep) , and of I4/mmm, respectively.

X - 3 X + 2
The Rietveld refinement with a polar A2 1 am structural model against the ND pattern results in an excellent overall fit (R wp = 13.4%, see Figure 3a), while the Amam model cannot reproduce some observed peak intensities, for example, of hk0 (h ≠ 2n, and k = 2n) reflections (R wp = 16.3%, see Figure 3b). The SXRD pattern is also fitted better with the A2 1 am model (Figure S1). Based on these results, we assign the crystal symmetry of Sr 3 Sn 2 O 7 at 300 K to the polar A2 1 am.

This assignment is further verified by SHG measurement, which is a powerful technique to probe inversion symmetry breaking in piezoelectrics, pyroelectrics, and ferroelectrics 75 . A significant SHG signal is clearly observed over the temperature range of 300 K to about 400 K, indicating the absence of the inversion symmetry, i.e. the polar crystal structure with A2 1 am symmetry in this case. Our diffraction and optical experiments thus prove that Sr 3 Sn 2 O 7 crystallizes in polar A2 1 am symmetry at 300 K, in agreement with the previous work by Wang et.al 36 and our systematic stable structure exploration (see section S4).

We also checked the deviation in the stoichiometry. During combined Rietveld analysis against 300 K ND and SXRD data, the cation and anion site occupancies in the A2 1 am model were refined, but the refined occupancies were consistently within 1 or 2% of the expected values, Hence, the site occupancies were fixed at unity for all the sites in the final refinement. The structural parameters of the A2 1 am phase at 300 K obtained from joint refinements against the ND and SXRD data are listed in Table 1. We estimated the octahedral distortion in Sr 3 Sn 2 O 7 using the octahedral distortion parameter, 2 , where d i is the individual Sn-O bond length and <d> is the mean bond length in SnO 6 octahedra. We obtained Δ = 4.1 × 10 -5 for SnO 6 in Sr 3 Sn 2 O 7 , which is smaller than that for TiO 6 (Δ = 1.6 × 10 -4 ) in Ca 3 Ti 2 O 7 32 , where the SOJT effect of Ti 4+ (3d 0 ) ions leads to off-centering distortion of TiO 6 octahedra. Note that Sn 4+ (4d 10 ) is not SOJT-active, in contrast to Sn 2+ (which has a 5s 2 lone pair of electrons). 6 ) and stannic (Sn 4+ ) compounds are well known to differ widely in isomer shift on account of the difference in the oxidation state; the isomer shift values for Sn 2+ ions (2.3 ~ 4.5 mm/s) are always higher than those for Sn 4+ ions (-0.4 ~ 2.3 mm/s). [START_REF] Greenwood | Mössbauer Spectroscopy[END_REF] In the present case, a single broadened peak is observed with the isomer shift (approximately 0 mm/s) typical of Sn 4+ -containing compounds. This result completely excludes the presence of Sn 2+ in our sample. The Mössbauer spectrum is well reproduced by an unresolved quadrupole doublet with an isomer shift of 0.01 mm/s and a quadrupole splitting of 0.33 mm/s. The small value of quadrupole splitting indicates highly symmetrical octahedral coordination for Sn 4+ with a small electric field gradient, and it is consistent with the small distortion of SnO 6 octahedra as demonstrated by the aforementioned structural analysis. 

Δ =1/6  i [(d i -<d>)/<d>]

Temperature-induced phase transitions of Sr 3 Sn 2 O 7

The SHG intensity of Sr 3 Sn 2 O 7 displayed in Figure 5a decreases with increasing temperature and drops to zero at 420 K, which indicates a phase transition from the noncentrosymmetric and polar A2 1 am phase to centrosymmetric and nonpolar one. Notably, SHG intensity on cooling behaves differently from that on heating; a substantial hysteresis (~10 K) was clearly observed between heating and cooling curves. The DSC curve on heating (Figure 5b) shows an endothermic peak at 410 K, where the SHG intensity presents a hysteresis. These features suggest that Sr 3 Sn 2 O 7 undergoes a first-order ferroelectric-toparaelectric transition at around T C = 410 K, in contrast to the previous report, where temperature-dependent resistivity data suggested that T C is beyond 1053 K 36 .

To examine the appropriate crystal symmetry of the centrosymmetric phase, we here utilized ND and SXRD patterns collected at 500 K, a temperature slightly above T C . At this temperature, the enlarged orthorhombic a p × a p × 2 2 c p unit cell remains unchanged as confirmed by the superlattice reflection and the peak splitting (Figures 2a-c and6a). A detailed inspection of the ND pattern shown in Figure 6b reveals some additional Bragg reflections upon heating to 500 K. As an example, the 123 reflection appears in the drange of 2.39-2.41 Å, which is forbidden under the integral reflection condition of A-face centered lattices (hkl: k + l = 2n). The appearance of additional reflections signifies that the Bravais lattice type changes from oA (orthorhombic Acentered lattice) to oP (orthorhombic primitive lattice). Taking into account the lattice type, oP, extinction rules derived from Figure 2a (0kl: k + l = 2n or nothing) and assuming the compatibility with n = 2 RP structures [START_REF] Aleksandrov | [END_REF] , the plausible space groups are Pnam, Pnab, and Pnnm. Under these symmetries, rotational/tilting distortions represented by a -a -c + /a -a --(c + ), a -a -c -and a -b -c 0 are allowed, respectively. The a -a -c + /a -a --(c + )-type distortion describes the cooperative structural distortion, where the OORs in each perovskite layer are in-phase, but the direction of the rotation inverts between adjacent layers 78 . Owing to the high sensitivity of ND to 5 A c c e p t e d M a n u s c r i p t oxygen positions and thus rotational/tilting distortion patterns, we can determine a possible space group through Rietveld analysis. A structural model refined in Pnab symmetry provides a best fit to the ND pattern (Figure 7a) with a small agreement factor (R wp = 13.3%). The agreement factors for the Pnam and Pnnm models are worse (R wp = 15.7% and 16.6%, respectively), and the fitting curves for these two models more poorly capture the observed intensity as shown in Figure 7b. The Rietveld refinement with the Pnab model against the 500 K SXRD pattern also converges successfully (Figure . S2). These analyses clearly support the assignment of the orthorhombic Pnab structure to the paraelectric phase over the Pnam and Pnnm structures. The structural parameters of the Pnab phase at 500 K obtained from joint refinements against the ND and SXRD data are summarized in Table 2. The distortion pattern in the paraelectric Pnab phase, a -a -c -, is a combination of a -a -c 0 -type OOT (irrep ) and a 0 a 0 c --X -

type OOR (irrep

). Although out-of-phase OOT occurs in X - 1 both the ferroelectric A2 1 am and paraelectric Pnab phases, there is a marked change in the sense of OOR across the ferroelectric-to-paraelectric transition; an in-phase OOR in the A2 1 am phase, corresponding to an mode (a 0 a 0 c + ), X + 2 disappears, and out-of-phase mode (a 0 a 0 c -) condenses in X - 1 Pnab phase. There are no pathways along which the a 0 a 0 c +type OOR transforms directly and continuously to the out-of- phase OOR represented by a 0 a 0 c -. Therefore, such a structural transformation should occur discontinuously; that is, the ferroelectric-to-paraelectric transition will be of first order. The first-order character of the ferroelectric transition is experimentally confirmed by temperature-variable SXRD data, as described in Section 4, which show that the A2 1 am and Pnab phases coexist with a substantial hysteresis on heating and cooling across the phase transition (T C ~ 410 K). The temperature evolution of the lattice parameters (a, b, and c) displays an obvious discontinuity around T C (Figure S6), validating the first-order nature of the ferroelectric transition. Next, we identify the structural phase transitions at temperatures higher than T C (~ 410 K). The 033 reflection gets weaker and completely disappears at 750 K (Figure 2a), although other reflections (e.g. the 322 reflection), indicative of the cell doubling, are still visible (Figure 2b). The 033 reflection represents an example of 0kl (k + l = 2n) reflections that result from a condensation of mode, and hence, the X - 3 disappearance of 033 reflection indicates the loss of a -a -c 0type OOT in the Pnab phase. An n = 2 RP structure involving only a 0 a 0 c --type OOR adopts a space group Acaa. Indeed, the structural model in orthorhombic Acaa symmetry captures the ND pattern at 750 K well (Figure S3). Since the orthorhombic splitting apparently disappears at 750 K (Figure 2c), we also carried out comparative refinements using tetragonal hettotype structures (P4 2 /mnm and P4 2 /mcm); however, these tetragonal models are ruled out by their poor fits to the collected ND pattern (Figure S4). Thus, the lattice behavior shown in Figure 2c is attributed to a pseudotetragonal symmetry of the orthorhombic Acaa phase.

Finally, we identify the structural phase transition from Acaa to I4/mmm structure through the temperature-variable ND and SXRD data. For ND data, all the superlattice reflections (e.g. the 322 reflection in Figure 2b) disappear at 950 K, where the sample adopts the tetragonal I4/mmm aristotype structure. The SXRD data with a fine-temperature interval allows us to determine the phase-transition temperature. As shown in Figure 6a Our diffraction studies coupled with optical SHG measurements unveil the sequence of structural phase transitions of n = 2 RP Sr 3 Sn 2 O 7 ; the ferroelectric-toparaelectric transition of Sr 3 Sn 2 O 7 is observed for the first time. The phase transitions connecting ferroelectric A2 1 am phase to non-distorted paraelectric I4/mmm phase proceed through the following sequence: A2 1 am (a -a -c + ) → Pnab (a -a -c -) → Acaa (a 0 a 0 c -) → I4/mmm (a 0 a 0 c 0 ). The ferroelectric (A2 1 am)-to-paraelectric (Pnab) transition involves an unusual change in the sense of OOR while the OOT remains unchanged. On heating above T C , the a -a -c 0type OOT disappears in the Pnab → Acaa transition, and then the a 0 a 0 c --type OOR finally vanishes, resulting in the I4/mmm aristotype. The lattice parameters evolve continuously across the two structural phase transitions above T C (Figure S6). Indeed, the two pairs of space groups, Pnab-Acaa and Acaa-I4/mmm, are in group-subgroup relationships, and the Pnab → Acaa and Acaa → I4/mmm transitions are allowed to be second-order, i.e., continuous. The phase diagram and crystal structures of the observed four phases are summarized in Figure 1.

DISCUSSION

Verification of the hybrid improper ferroelectricity in Sr 3 Sn 2 O 7

Hybrid improper ferroelectrics are phenomenologically characterized by the presence of the specific term, PQ 1 Q 2 , in their free-energy series, where P is the macroscopic polarization and Q 1 and Q 2 are the mode amplitudes of two distinct nonpolar distortions 11 . Given the form of the trilinear term, , of n = 2 RP hybrid 𝑃𝑄 X - 3 𝑄 X + 2 improper ferroelectrics, the polarization would be proportional to a hybrid order parameter,  = , where and 𝑄

X - 3 𝑄 X + 2 𝑄 X - 3 𝑄 X + 2
are the amplitude of and modes, respectively. To X - 3 X + 2 verify experimentally this behavior in the polar A2 1 am phase of Sr 3 Sn 2 O 7 , we compare the temperature dependence of the SHG intensity (I SHG ) and  in the temperature range of 300 to 360 K. From the relationship between nonlinear optical tensor coefficients and P, the temperature dependence of the polarization can be estimated by using that of the SHG intensity: P ∝ 69,75 . The  values are obtained through a 𝐼 SHG symmetry-mode analysis of the refined structures with the aid of AMPLIMODES software 71 . Figure 8 to . This result strongly supports the existence of an anharmonic coupling between the OOR/OOT modes and the polar displacement. Our DFT calculations (see Section S4) also revealed that the OOR and OOT serve as the primary order parameters inducing the A2 1 am polar structure and that the polar displacement is just a by-product of the rotational/tilting distortions. Our experimental and firstprinciples results prove the chemical intuition that Sr 3 Sn 2 O 7 is an ideal hybrid improper ferroelectric, for which a proper mechanism driven by the SOJT effect plays no role at all in stabilizing the ferroelectric phase.

Universal relationship of Curie temperatures and tolerance factors

So far, we have demonstrated that n = 2 RP Sr 3 Sn 2 O 7 is a hybrid improper ferroelectric with T C = 410 K, where the polar displacements are induced by a combination of OOR and OOT. Since the OOR and OOT arise from size mismatch of A-and B-site cations, it is interesting to examine the effect of changing the A-site-cation size on rotational/tilting distortions, and hence on ferroelectric transition. We additionally prepared Ca-substituted series, (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0.1 and 0.2), and investigated their thermally-induced phase-transition behavior including ferroelectric-to-paraelectric transitions. The characterization by ND, SXRD, and 119 Sn Mössbauer spectroscopy revealed that Ca-substituted series (x = 0.1 and 0.2) also adopt the ferroelectric A2 1 am structure at 300 K (Figures S12 andS14), with the Sn ions being present in a tetravalent state (Figure S11). The lattice parameters (a, b, and c) decrease with the substitution of a smaller cation (i.e., Ca 2+ ) for Sr 2+ on the Asite.

In order to probe the ferroelectric transition behavior, we utilize temperature-dependent SXRD patterns on heating and cooling. Figure 9a-c displays SXRD 0010 reflections of (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) as a function of temperature. A first-order phase transition is observed around 410 K (x = 0, Figure 9a), 590 K (x = 0.1, Figure 9b) and 800 K (x = 0.2, Figure 9c); one can see phase coexistence and hysteresis on heating and cooling. Similar to the case of Sr 3 Sn 2 O 7 (x = 0), the SXRD patterns for x = 0.1 and 0.2 samples at temperatures above the phase transitions are fitted well based on structural models in Pnab symmetry (Figures S13 andS15). The weight fractions of the ferroelectric A2 1 am phase for x = 0, 0.1, and 0.2 samples are plotted in Figure 9d as a function of temperature. We define T C as the center of the thermal hysteresis curve. We see that for x = 0 the hysteresis loop of the ferroelectric phase fraction in the vicinity of T C follows completely that of the SHG intensity as depicted in Figure 5a (see also Figure S16). As expected from the geometric origin of the hybrid improper ferroelectricity, the introduction of a smaller A-site cation, i.e. the partial substitution of Ca 2+ for Sr 2+ (x = 0.1 and 0.2), enhances the magnitudes of OOR and OOT, resulting in higher T C s.

To quantitatively describe the rotational/tilting distortion preference, we introduce Goldschmidt tolerance factor, t, which gives a simple measure of the size mismatch of constituent cations. Shannon's six-coordinate ionic radii 79 are used here. A non-distorted structure forms with t ~ 1.0, whereas for smaller t values (0.8 < t < 1.0), the A-site cation is too small for its site resulting in a low-symmetry structure with rotated and/or tilted BO 6 octahedra. Figure 10 plots the T C s of (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) system as a Figure 10. Curie temperatures (T C ) of n = 2 RP ferroelectrics against the tolerance factor (t) of their perovskite unit. The result of linear fitting is depicted by an orange line with the critical t value, t 0 . Blue triangles represent the data for (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) obtained in this work. The black circles show the data previously reported for Ca 3 Ti 2 O 7 , 32 Sr 3 Zr 2 O 7 , 37 and Ca 3 Mn 2 O 7 . 40 The squares indicate the reported data for solidsolution systems, (Ca,Sr) 3 Ti 2 O 7 34 and Ca 3 (Ti,Mn) 2 O 7 . 32,35 function of t. T C is found to monotonically increase with decreasing t. Because of the ubiquity of t in characterizing perovskite units, we can extend the compositional range to other n = 2 RP ferroelectrics. In addition to (Sr , Ca) 3 Sn 2 O 7 , we consider twelve known RP compounds, i.e., Ca 3 Ti 2 O 7 32 , Ca 3 Mn 2 O 7 40 , Sr 3 Zr 2 O 7 37 , (Ca,Sr) 3 Ti 2 O 7 34 , and Ca 3 (Ti,Mn) 2 O 7 32,35 . In the suite of fifteen different A 3 B 2 O 7 ferroelectrics, T C s range from below room temperature (~ 280 K) to about 1100 K. We find a linear relationship between the T C and t (Figure 10). Given the chemical diversity of n = 2 RP phases, the strong correlation between T C and t is remarkable. From a linear extrapolation of this relation, one can see that an n = 2 RP compound with t = 0.89 has T C = 0 K. In other words, t = 0.89 is an upper limit, t 0 , for an n = 2 RP compound to crystallize in a ferroelectric A2 1 am structure. Recent theoretical calculations also revealed that the ferroelectric A2 1 am structure is destabilized when t > 0.89; Ca 3 Ge 2 O 7 (t = 0.879) has the A2 1 am ground state, whereas Sr 3 Tc 2 O 7 (t = 0.892) exhibits a tilted but nonpolar P4 2 /mnm ground structure 51 . Although local structural disorder exists in solid solutions of A 3 B 2 O 7 ferroelectric, it has little effect on the T C , and hence, the average t values strongly correlate with the T C . The minor effect of local structural disorder on T C was also observed for ferroelectric Pb(Zr 1-x Ti x )O 3 solid solutions, where the T C is a smooth and monotonic function of x. 80 The universal relationship shown in Figure 10 proves a controllability of T C over a wide temperature range with the geometric effect (ionic-size mismatch) in hybrid improper ferroelectrics. The close relationship between T C and t provides a useful guide for designing materials with the desired properties for a given application and also for predicting T C s of as-yet-unsynthesized materials.

Previously, Abrahams et al. 81 have reported a simple relationship between T C and polarization (P), T C ∝ P 2 , for 8 A c c e p t e d M a n u s c r i p t proper ferroelectrics such as BaTiO 3 . According to this report, we also explore the relationships between P and T C in hybrid improper ferroelectrics. A recent theoretical study on hybrid improper ferroelectric A 3 B 2 O 7 compounds (A = Mg, Ca, and Sr, B = Zr, Sn, and Ge) revealed that the P values calculated by using Born effective charge are a smooth and monotonic function of t (Figure S17). 15 One can find a linear relationship between P and t. From this result (Figure S17) and the linear relationship between T C and t (Figure 10), we expect T C ∝ P for hybrid improper ferroelectrics, in contrast to the case of proper ferroelectrics. For Ca 3 Ti 2 O 7 32 , Ca 3 Mn 2 O 7 33 , Sr 3 Zr 2 O 7 37 , and Sr 3 Sn 2 O 7 36 ceramics, we observe that the T C s tend to correlate linearly with the experimental P values obtained through ferroelectric hysteresis measurements (Figure S18). It should be noted that the P values were measured for polycrystalline samples. The polarization measurements for single crystals will provide more reliable verification of the relationship between T C and P.

Interestingly, all the A 3 B 2 O 7 compounds listed in Figure 10 exhibit the first-order nature of the ferroelectric transition. For Ca 3 Ti 2 O 7 and Ca 3 (Ti,Mn) 2 O 7 , the first-order transition between the ferroelectric A2 1 am (a -a -c + ) and the non-distorted I4/mmm (a 0 a 0 c 0 ) phases has been suggested on the basis of the DSC and SXRD results 32 . As for the other compounds, the firstorder ferroelectric transition is characterized by a competition between the ferroelectric A2 1 am phase and a distorted nonpolar polymorph. In the case of Sr 3 Zr 2 O 7 , the competing metastable polymorph to the A2 1 am phase has Pnab symmetry involving a -a -c --type distortion 37 . The Pnab phase is stabilized by a hybrid improper antiferroelectric mechanism whereby an antipolar mode arises from a trilinear coupling to the OOR and OOT modes (see section S4); the induced antipolar mode leads to a complete cancellation of the layer polarization, providing no net macroscopic polarization (Figure 1a). Namely, there is a competition between hybrid improper ferroelectric and antiferroelectric mechanisms in Sr 3 Zr 2 O 7 . This result corroborates the theoretical prediction 50,51 and shows the importance of understanding anharmonic interactions among lattice degrees of freedom. The present compounds, (Sr,Ca) 3 Sn 2 O 7 , undergo the same ferroelectric transition as Sr 3 Zr 2 O 7 (A2 1 am to Pnab), again highlighting the interplay between the anharmonic interactions active in layered oxides. For (Ca,Sr) 3 Mn 2 O 7 system 39,40 with relatively larger t values, a nonpolar polymorph with Acaa symmetry involving only a 0 a 0 c --type OOR is observed as the competing metastable phase to the A2 1 am phase. The Acaa phase exhibits a uniaxial negative thermal expansion along c axis 82 . As shown in Figure S6, we also observe a similar phenomenon, i.e., uniaxial negative thermal expansion along c axis, in the intermediate Acaa phase for Sr 3 Sn 2 O 7 . The two intermediate Pnab and Acaa phases, as well as the ground-state ferroelectric A2 1 am phase, have novel physical properties that stem from their rotational/tilting distortions. Hence, it would be interesting to stabilize the two intermediate phases at room temperature by chemical tuning according to the T C vs t relationship established in this work.

SUMMARY

In conclusion, we demonstrate that n = 2 RP Sr 3 Sn 2 O 7 is an ideal hybrid improper ferroelectric, where the SOJT effect plays no role at all in driving ferroelectric transition. Instead, the nonpolar OOR and OOT distortions trilinearly couple to create the ferroelectric polarization as a by-product. In contrast to the previous report 36 , we observe a first-order ferroelectricto-paraelectric transition in Sr 3 Sn 2 O 7 (T C = 410 K). We also show that the isovalent substitution of Ca 2+ for Sr 2+ , which leads to a decrease in t, increases T C up to 800 K. Remarkably, we find a linear relationship between T C and t across the suite of fifteen A 3 B 2 O 7 compounds consisting of RP ferroelectrics reported here and those reported previously. This relationship provides a predictive guideline for estimating T C of a given material, which would complement the design approach based on group theory and first principles. Further, the findings open routes to the possible use of hybrid improper ferroelectrics in technological applications: for example, pyroelectric energy harvesting [83][84][85] , where the tunability of T C is advantageous for achieving a large electrothermal coupling factor. 
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 1 Figure 1. (a) The crystal structures of four phases observed experimentally for Sr 3 Sn 2 O 7 are illustrated, specified by the space group symmetry and Glazer tilt notation. Gray spheres and blue octahedra denote the Sr cations and SnO 6 octahedra, respectively. Black dotted lines indicate the unit cells. For A2 1 am and Pnab phases, local electric dipoles arise from Sr cation displacements are shown by red and green arrows. Black cross marks indicate that there are no Sr displacements and thus no layer polarization. (b) The phase diagram of Sr 3 Sn 2 O 7 established in the present stu
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 3223 Figure 2. Temperature evolution of ND (a) 3/2 3/2 3 superlattice reflection, (b) 5/2 1/2 2 superlattice reflection, and (c) basic 116 reflection observed for Sr 3 Sn 2 O 7 . Miller indices with respect to the a p × a p × c p unit cell are given in parentheses. 2 2

  † Fixed to define an origin of the polar a axis. *Refined anisotropically. Cell parameters; a = 5.70739(10) Å, b = 5.73485(10) Å, and c = 20.66861(5) Å. ND: R wp = 11.5%, R B = 7.85%, and  2 = 4.89. SXRD: R wp = 12.7%, R B = 3.80%, and  2 = 6.34. Further, we performed 119 Sn Mössbauer spectroscopy at room temperature to evaluate the valence state and local structure of tin ions. The result for Sr 3 Sn 2 O 7 is shown in 4 A c c e p t e d M a n u s c r i p t

Figure 4 .

 4 Figure 4. Stannous (Sn 2+) and stannic (Sn 4+ ) compounds are well known to differ widely in isomer shift on account of the difference in the oxidation state; the isomer shift values for Sn 2+ ions (2.3 ~ 4.5 mm/s) are always higher than those for Sn 4+ ions (-0.4 ~ 2.3 mm/s).[START_REF] Greenwood | Mössbauer Spectroscopy[END_REF] In the present case, a single broadened peak is observed with the isomer shift (approximately 0 mm/s) typical of Sn 4+ -containing compounds. This result completely excludes the presence of Sn 2+ in our sample. The Mössbauer spectrum is well reproduced by an unresolved quadrupole doublet with an isomer shift of 0.01 mm/s and a quadrupole splitting of 0.33 mm/s. The small value of quadrupole splitting indicates highly symmetrical octahedral coordination for Sn 4+ with a small electric field gradient, and it is consistent with the small distortion of SnO 6 octahedra as demonstrated by the aforementioned structural analysis.

Figure 4 .

 4 Figure 4. 119 Sn Mössbauer spectrum at room temperature for Sr 3 Sn 2 O 7 . The black circles and red solid line represent the experimental data and calculated curve, respectively. The red dotted curves depict a doublet component arising due to quadrupole splitting.

Figure 5 .

 5 Figure 5. (a) Temperature dependence of SHG intensity of Sr 3 Sn 2 O 7 on heating (red) and cooling (blue). (b) DSC curve of Sr 3 Sn 2 O 7 on heating with the differential curve.

Figure 6 .

 6 Figure 6. (a) Temperature evolution of SXRD 1/2 3/2 2 superlattice reflection observed for Sr 3 Sn 2 O 7 ( = 0.800484 Å). Miller indices with respect to the a p × a p × c p unit cell are 2 2 given in parentheses. (b) Enlarged view of the temperaturevariable ND pattern for Sr 3 Sn 2 O 7 , highlighting an additional 123 reflection, which is indexed by the a p × a p × c p unit cell.2 2

Figure 7 .

 7 Figure 7. (a) Rietveld plot of ND data at 500 K for Sr 3 Sn 2 O 7 refined with a Pnab structural model. (b) An enlarged view of Rietveld plots of 500 K ND data for Sr 3 Sn 2 O 7 refined with Pnab, Pnam, and Pnnm structural models. Mismatches between the observed and calculated intensities are marked with asterisks. Orange circles and black and blue lines represent the observed, calculated and difference profiles, respectively. The green ticks show the position of Bragg reflections.

  Space group; Pnab (No. 60), Z = 4. The occupancy parameter is fixed to unity for all atoms. *Refined anisotropically. Cell parameters; a = 5.71718(10) Å, b = 5.73526(10) Å, and c = 20.74162(7) Å. ND: R wp = 13.3%, R B = 7.59%, and  2 = 5.44. SXRD: R wp = 13.7%, R B = 3.88%, and  2 = 6.87.

  , the SXRD superlattice 6 A c c e p t e d M a n u s c r i p t 122 reflection disappears at 880 K, indicating the structural phase transition to the aristotype phase.

Figure 9 .

 9 Figure 9. (a)-(c) Temperature dependence of SXRD ( = 0.800484 Å) 0010 reflection of (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) on heating and cooling across the ferroelectric-to-paraelectric transition between A2 1 am and Pnab phases. (d) Temperature evolution of the weight fraction of ferroelectric A2 1 am phase of (Sr 1-x Ca x ) 3 Sn 2 O 7 (x = 0, 0.1, and 0.2) on heating (red) and cooling (blue). Circles, triangles, and squares represent the calculated values from multiphase Rietveld refinements against SXRD data for x = 0, 0.1, and 0.2 samples, respectively, and the solid lines are given for eye guide. The vertical dashed line for each sample indicates the center of hysteresis, corresponding to the ferroelectric-to-paraelectric transition temperature (T C ); T C ~ 410 K for x = 0, T C ~ 590 K for x = 0.1, and T C ~ 800 K for x = 0.2.
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 823 Figure 8. Temperature dependence of the square root of SHG intensity, , and the hybrid order parameter, η = , for 𝐼 SHG 𝑄 X - 3 𝑄 X + 2
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Table 1 . Structural parameters of Sr 3 Sn 2 O 7 at 300 K obtained from joint refinements with an A2 1 am model against ND and SXRD data.

 1 

	Atom	site x	y	z	U iso or U eq (Å 2 )
	O1	4a	0.2505(19) 0.7996(10)	0	0.0110(12)
	O2	8b	0.2597(13) 0.7091(6)	0.19631(10)	0.0059(7)
	O3	8b	0.5280(15) 0.5295(8)	0.08689(12)	0.0038(8)
	O4	8b	0.4842(18) 0.0143(10)	0.10565(13)	0.0142(8)
	Sr1*	4a	0.2548(19) 0.2491(10)	0	0.0109(14)
	Sr2*	8b	0.7374(10) 0.7431(5)	0.18846(6)	0.0080(10)
	Sn	8b	0.75 †	0.2492(6)	0.09854(6)	0.0018(2)
		Space group; A2 1 am (No. 36), Z = 4. The occupancy parameter
	is fixed to unity for all atoms.		

Table 2 . Structural parameters of Sr 3 Sn 2 O 7 at 500 K obtained from joint refinements with a Pnab model against ND and SXRD data.

 2 

	Atom site	x	y	z	U iso or U eq (Å 2 )
	O1*	4a	0.75	0.7116(15)	0	0.021(4)
	O2	8b	0.9813(14) 0.0205(12)	0.91081(14)	0.0119(13)
	O3*	8b	0.753(3)	0.7780(11)	0.80352(13)	0.017(3)
	O4	8b	0.0293(14) 0.0274(13)	0.60290(17)	0.0155(14)
	Sr1*	4a	0.75	0.2500(12)	0	0.0147(17)
	Sr2*	8b	0.7553(12) 0.2427(7)	0.81159(7)	0.0137(12)
	Sn	8b	0.7503(11) 0.7493(7)	0.9016(7)	0.0035(2)
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