
HAL Id: hal-01810673
https://univ-rennes.hal.science/hal-01810673

Submitted on 8 Jun 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Quadrupolar solid-state NMR and repetitive
experiments: Some aspects in the Liouville space.

Application to spins I=1
Christophe Odin

To cite this version:
Christophe Odin. Quadrupolar solid-state NMR and repetitive experiments: Some aspects in the
Liouville space. Application to spins I=1. Solid State Nuclear Magnetic Resonance, 2017, 84, pp.73-
82. �10.1016/j.ssnmr.2016.12.012�. �hal-01810673�

https://univ-rennes.hal.science/hal-01810673
https://hal.archives-ouvertes.fr


Quadrupolar solid-state NMR and repetitive

experiments : some aspects in the Liouville space.

Application to spins I=1.

Christophe ODIN
1 Institut of Physics of Rennes IPR/UMR CNRS 6251, University of Rennes I, Campus

de Beaulieu, Bat 11A, 35042 Rennes Cedex, FRANCE

Abstract

The aim of this work is to generalize the Ernst-Anderson model developed

to account of the steady-state regime of isolated spins I=1/2 subject to a

train of strictly identical pulse sequences separated by free evolution periods

of same duration. We generalize this model to the general case of spins I≥1

and general pulse sequence within the framework of the Liouville space. In

particular, it is proved that under reasonable assumptions, a well defined

steady-state regime is reached which is independent of the initial conditions.

The general formal expressions obeyed by the steady-state density operator

are given as a function of pulse propagators and relaxation operator for sin-

gle and two-pulse sequences. In solid-state NMR where recycle time can be

made, at the same time, much longer than typical coherence relaxation times

and smaller than typical population relaxation times, further simplification

leads to more tractable formula. As an example, the formalism is applied to

I=1 spins with hard and soft single pulse sequence, or to the solid echo se-
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quence. In particular, we were able to generalize the Ernst-Anderson formula

to spins I=1. The pertinence of the theory is verified by comparing the the-

oretical and numerical simulations outputs to 2H single crystal experiments

performed on nonadecane/urea C19D40/urea−H4 compound.

Keywords: Liouville Space, Quadrupolar NMR, Progressive Saturation,

Solid-state NMR, Spin I=1, Deuterium

1. Introduction

Because of the low sensitivity of NMR, experimentalist have been con-

cerned with the problem to determine the optimum conditions to obtain an

improvement in signal to noise ratio. Since most experiments are designed to

work with the initial state being the thermodynamical equilibrium state, the

co-addition of signals from successive experiments imposes that the recycle

time should be at least five times longer than the longest relaxation time of

the system. Since the effective Free Induction Decay (FID) acquisition time

is of the order of the inverse of a typical linewidth or spectral range to be

covered, most of the acquisition time is lost in waiting the system to recover

its thermal equilibrium. Therefore, since the beginning of pulsed NMR, the

question of whether experiments could be performed with shorter recycle

times has been addressed.

When the spin system has not enough time to relax back to its thermody-

namical equilibrium, we expect to reach a steady-state dynamical equilibrium

that results of the competition between the pulses of the sequence that create

and mix-up populations and coherences, and the free evolution periods where

populations and coherences relax back to their equilibrium values. The im-
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portance of such a steady-state was soon recognized by H.Y. Carr in 1958

[1]. The theory of progressive saturation experiments developed by Ernst

and Anderson [2] for isolated spins I=1/2 calculated the effects on the NMR

signal of the repetition of identical single pulses separated by a recycle time

not long enough to allow the system to relax completely to its thermal equi-

librium state. The theory considered the contribution of both longitudinal

T1 and transversal T2 relaxation times [2, 3, 4, 5]. If the coherences have

not decayed during the recycle time, then the FID could be distorted and

additional contributions such as echoes could appear. However, in the case

where the coherences have been irreversibly cancelled by some means (for in-

stance with a strong field gradient pulse applied between two RF pulses), it

was shown that the longitudinal magnetization attains a well defined steady-

state regime of magnetization Msst. For a hard pulse of angle β, the well

known and celebrated Ernst-Anderson formula for I=1/2 is

Msst =
1− e−T/T1

1− cos(β)e−T/T1
Meq (1)

where T is the recycle time. Thus, the equilibrium magnetization Meq is just

rescaled by a factor which depends on both the recycle time and the pulse

angle. Moreover, optimal conditions could be found to enhance the signal to

noise ratio per unit time by adjusting the pulse angle. Such a method was

also applied to the measurement of spin-lattice relaxation time T1 because it

is far much less time consuming than the usual inversion- recovery sequence.

Moreover, it was shown that the signal Msst sin β at given recycle time T

presents a maximum as a function of pulse length for the Ernst angle

cos(β) = e−T/T1 (2)
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The theory was also extended to spins I=1/2 subject to chemical exchange

[6, 7], showing that large errors on the measurement of T1 could be induced

by the exchange process. A general formalism in the Liouville space was

proposed for steady-state NMR [8].

Mainly, the theory of progressive saturation has only been developed for

isolated spins I=1/2 where the relaxation of the populations and coherences

are each defined by a single relaxation time T1 or T2. Such results are usu-

ally unscrupulously transferred without rigorous justification to spins I≥1 in

order to save experimental time. The idea is that, if T is of the order of the

supposed population relaxation times (1 to 3 times ?), dummy scans that

consist of the excitation of the sample without recording the signal will lead

to a steady-state close to the equilibrium one, especially in solids where pop-

ulation relaxation times are usually much larger than coherence relaxation

times. To the best of our knowledge, the case of quadrupolar nuclei was

only explicitly treated in [9], but in the special case of only one population

relaxation time, with a vector model, and assuming no contribution of the

coherences.

The aim of this study is to generalize the Ernst-Anderson model to gen-

eral pulse sequences and general spin values I≥1/2 within the framework

of the Liouville space formalism and reasonable assumptions concerning the

treatment of the relaxation (weak collision regime, secular approximation).

The case of isolated spins I≥ 1 is complicated by the existence of different

population relaxation times and numerous coherences relaxation times, as

well as by cross relaxation effects. We will show that simple closed formula

that generalize the Ernst-Anderson formula can be generalized for spins I=1.
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It is important since deuterium 2H NMR is widely used in solid-state and

soft-matter NMR [10, 11, 12], as well as 14N NMR [13]. Moreover, it is

not unusual to find long spin-lattice relaxation times in molecular samples

[14, 15, 16, 17, 18, 19], so any procedures which can save experimental time

may have some interest for the experimentalist.

This article is divided as follows. In section 2, we develop a formal solution

of the progressive saturation experiment when relaxation is in the Redfield

regime, using the formalism of the Liouville space with no restrictions on the

value of the spin I and on the type of sequence. Section 3 applies the results to

the particular case of an isolated spin I=1, where some simple results similar

to the Ernst-Anderson model can be given. The single pulse and solid echo

sequences are treated as an example of application. In particular, we will

show that a progressive saturation experiment could, in principle, measure

the Zeeman order relaxation time. The theory is compared to experimen-

tal results in section 4, obtained from deuterium NMR 2H performed on a

crystals of nonadecane/urea C19D40/urea − H4 with single and two pulses

sequences.

One Pulse (PRE) as well as Solid-Echo (SERE) Repetitive Experiments

will be considered 1.

1

PRE : One pulse Repetitive Experiments

SERE : Solid-Echo Repetitive Experiments
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2. Theory of repetitive experiments

This section develops the theory of repetitive experiments, that is the

continuous excitation of a system by a NMR pulse sequence with a period

given by the recycle time T , from an undetermined initial condition to the

steady-state.

2.1. Liouville space

The system is supposed static (no modulation of the interactions by a

mechanical rotation with respect to the magnetic field) and free of chemical

exchange. The density operator ρ(t) which describes the state of the system

at time t acts on a Hilbert space spanned by a basis of state functions. In the

weak collision regime, the density operator evolves according to the Redfield

equation [20, 21, 22, 23]

∂ρ

∂t
= −i[H, ρ(t)] + R(ρ(t)− ρeq) (3)

H is a time independent Hamiltonian and the relaxation super-operator R

drives the system towards its thermal equilibrium value ρeq. Typically, the

Redfield regime is valid in the motional narrowing limit where typical corre-

lation times are much smaller than the reciprocal rigid lattice linewidth or

in the extreme narrowing limit where the correlation times are much smaller

than the reciprocal Larmor angular frequencies.

All the Hamiltonians are expressed in units of angular frequencies (~ = 1).

For free evolution, H = Hz where Hz is the truncated high field free evolution

Hamiltonian. During a pulse, the Hamiltonian is H = Hz +Hrf with, in the

rotating frame representation,

Hrf = ω1(cosϕ Ix + sinϕ Iy) (4)
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ϕ and ω1 are the pulse phase and irradiation strength respectively. A pulse

is said ”hard” when ‖Hz‖ � ‖Hrf‖ and soft otherwise, which is the general

case in solid-state NMR.

In the Liouville space [21, 23, 24, 25, 26, 27], the rotating frame density

operator ρ is represented by a column vector |ρ〉, called hereafter density

vector, whose components are the coefficients of the expansion of the density

operator on a complete set of orthonormal operators.

The Redfield equation of evolution of the density operator can be cast

into a set of linearly coupled first order equation for the density vector in the

Liouville space as

∂|ρ〉
∂t

= −iHl|ρ(t)〉+ R(|ρ(t)〉 − |ρeq〉) (5)

where Hl, the Liouville super-operator associated to operator H, is Hermi-

tian. The relaxation super-operator R is also Hermitian. In the high field

approximation, R commutes with the Liouville super-operator generated by

Jz.

The general solution of Eq.[ 5] when only free evolution is concerned can

be given. Because Hl
z|ρeq〉 = |0〉, where |0〉 is the null vector Eq.[5] can be

recast in the compact form

∂|ρ〉
∂t

= Lz(|ρ(t)〉 − |ρeq〉) (6)

with Lz = (−iHl
z + R).

Within these assumptions, the formal solution of Eq.[6] is

|ρ(t)〉 = Et |ρ(0)〉+ (I− Et) |ρeq〉 with Et = eLz t (7)
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where I is the identity operator. The free evolution propagator operator Et is

non unitary because relaxation is an irreversible process. Note also that the

two super-operators Hl
z and R do not commute in general, so that the free

evolution propagator is not the product of two exponential super-operators.

We now specialize to an isolated spin I. The Liouville space is spanned by

dimL = (2I+1)2 linearly independent operators. 2I+1 operators are related

to the populations, 2(2I) operators to the single quantum coherences 1QC,

2(2I-1) to the 2QC... and two to the (2I)QC. The principal zero eigenvalue

of the super-operators could be removed by suppressing the unit operator

from the basis and working in a dimL-1 Liouville space. This is equivalent

to work with a density operator of zero trace (Tr(ρ)=0).

It is convenient to partition the components of the vector |ρ〉 into compo-

nents related to the populations and components related to n≥1 coherence

orders |ρc〉 as

|ρ(t)〉 =

 |ρp(t)〉
|ρc(t)〉

 (8)

|ρp〉 is the pure population contribution.|ρp〉 has 2I+1 components and |ρc〉

has 2I(2I+1) components.

The thermal equilibrium density vector |ρeq〉 is such that |ρeq,c〉 = 0.

In very high fields, one can in general neglect all contributions except the

Zeeman interaction with the static field, so ρeq ∼ Jz with Jz =
∑

i Iiz the

total angular momentum operator . By convention, we suppose that the first

component of the vector |ρeq〉 corresponds to a projection onto Jz. Desig-

nating by ωl the Zeeman splitting and by ωi the anisotropy factor in angular
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frequency units of interaction i, the contribution of other interactions such

as the quadrupolar interaction to the equilibrium population in the high

temperature limit are roughly in the ratio ∼ ωi
ωl
� 1, and could easily be

incorporated if needed.

The matrix corresponding to the free evolution Liouville super-operator

is block diagonal, each block corresponding to a given coherence order

Hl
z = diag(Hpp,Hc11,Hc22, . . . ,Hcnn) (9)

Physically, it means that the coherence orders do not mix within each other

as well known. The unitary free evolution (without relaxation) propagator

is also diagonal. The operator Hpp is identically zero since the populations

are constants of the motion.

In order to proceed with relaxation, some simplifying assumptions must

be made about the form of the relaxation matrix. When non-secular con-

tributions are neglected (that is, cross-relaxation effects are neglected), the

relaxation super-operator R has also a block diagonal structure, which leads

to a complete decoupling of the relaxation of the different coherence orders

R = diag(Wpp,Rc11,Rc22, . . . ,Rcnn) (10)

The submatrix Wpp drives the populations to equilibrium and gives the so-

called master equation for the populations. The other square matrices Rckk

induce the relaxation of coherences to zero. If in addition the assumption

of no degenerate transitions holds, then the Rckk could be reduced to pure

diagonal matrices. As concerns the formal properties needed for the calcu-

lations of the next section, we only need that Hl
z and R can be decomposed
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into a block diagonal matrix diag(App,Bcc) containing no terms connecting

the quantum coherences of order zero and n≥1.

We now turn to the pulse propagator. In contrast to the free evolution

propagator, the pulse propagator P mixes all terms of the density operator.

As RF pulses are generally very short compared to typical longitudinal and

transversal relaxation times, we neglect the relaxation during the RF pulse

(sudden approximation). With the same conventions as above, the pulse

propagator is

P =

 Ppp Ppc

Pcp Pcc

 (11)

where the different submatrices Ppp, Pcc, Pcp and Ppc correspond respectively

to mixing 0QC (populations) within each other, 0QC and nQC, and nQC

within each other. P is a unitary super-operator which preserves the eu-

clidean norm of the density vector.

Also needed is the relationship between the propagators of a pulse of phase

ϕ and one of phase zero. The propagator of a pulse of phase ϕ is related to

the propagator of a pulse of phase zero by the following transformation

Pϕ = e−iϕJ
l
zP0e

iϕJ lz (12)

where J l
z is the Liouville super-operator associated to the operator Jz. It is

a general result that 0QCs are not affected by the pulse phase

Pϕ|ρp〉 = P0|ρp〉 (13)
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2.2. Theory of repetitive experiments for one and two pulse sequences

A repetitive experiment consists of the repetition of identical pulse se-

quences of total duration ts followed by a free evolution period of duration

T. The total recycle time is Tc = T + ts ≈ T , where we make the hypothesis

that the pulse sequence duration is much smaller than the repetition period.

By identical pulse sequences, we mean that all the pulses and free evolution

period of the pulse sequences have the same shape, same RF power, same

RF frequency, same length and same phase. Such experiments are schema-

tized in Fig.1, for a single pulse (PRE) or Solid-Echo Repetitive Experiment

(SERE). A Sequence which is a building block followed by a free evolution

period of duration the recycle time T is repeated many times from an initial

condition |ρ0〉 which may be not the equilibrium density vector. The pulses

mix the coherences, while the free evolution period mix coherences of same

order, and drives them back to equilibrium, which means a zero value for

coherence and a non-zero value for populations, at least the Zeeman contri-

bution. When the recycle time is much longer than the largest relaxation

time, the density matrix before each sequence is the equilibrium value. On

the other hand, when the recycle time has not allowed the system to relax

back to equilibrium during the recycle time, a competition arise between the

pulse and the free evolution periods that leads to a steady-state due to a

dynamical equilibrium.

Let the propagator of the free evolution period of duration τα be Eα = Eτα .

2.2.1. Steady-state density vector for a one pulse sequence, and signal

For a single pulse, the density vector |ρn〉 just before the application of

the (n+ 1)th pulse sequence (Fig.1.Top). satisfies the iteration equation
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|ρo > |ρsst > 

N>>1 

|ρsst > 
T 

|ρn > |ρn+1 > T T |ρn+2 > 

|ρn > |ρn+1 > T T |ρn+2 > 

T T T 

Figure 1: Repetitive experiments sequences.(Top) General Pulse sequence ;(Middle) A

single pulse ;(Bottom) A two-pulse sequence. The important fact is that the steady-state

is independent of the initial conditions. At each iteration, the density vector before the

sequence relaxed to the equilibrium density vector |ρeq〉 only when the recycle time is

long enough, typically 3-5 times the largest relaxation time. Otherwise, a steady-state is

established.

|ρn〉 = EP|ρn−1〉+ (I− E)|ρeq〉 (14)

where the free evolution (including relaxation) of duration T is represented

by the super-operator ET = E.
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If the existence of the steady-state is assumed, Eq.[16] can be directly

computed by equating the steady-state density vector before a pulse and the

density vector at the end of the recycle time using Eq.[14]

|ρsst〉 = EP |ρsst〉+ (I− E)|ρeq〉 (15)

This equation has the form characteristic of a feedback control system.

|ρsst〉 = (I− EP)−1 (I− E)|ρeq〉 (16)

Equation 16 is the matrix generalization for a general spin I≥1/2 and a

general pulse sequence of the Ernst-Anderson equation. We stress that this

limit is independent of the initial conditions. Such a result was already

derived in [8].

The steady-state signal recorded just after the last pulse of the sequence is

calculated by noting that Eq.14 applies by changing the free propagator for

duration T , E = Et to the one of duration t, Et

s(t) = 〈I−|[Et P |ρsst〉+ (I− Et)|ρeq〉] (17)

with |I−〉 the vector associated to the operator I−, 〈A|B〉 the Euclidean scalar

product between vectors |A〉 and |B〉.

2.2.2. Steady-state density vector for a two pulse sequence, and signal

For a two pulse sequence (P1)−τ2−(P2)−T−, the iteration equation becomes

|ρn〉 = EP|ρn−1〉+ (I− E + EP2(I− Eτ2))|ρeq〉 (18)

with P = P2Eτ2P1.
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Again, assuming a steady-state regime leads to

|ρsst〉 = (I− EP2Eτ2P1)
−1 (I− E + EP2(I− Eτ2))|ρeq〉 (19)

The corresponding steady-state signal is

s(t) = 〈I−|[Et (P2Eτ2P1)|ρsst〉+ (I− Et + EtP2(I− Eτ2))|ρeq〉 (20)

The formal structure of the steady-states of Eqs.16,19 are the same :

|ρsst〉 = (I− EA)−1(I− EB)|ρeq〉.E is the free propagator during the recycle

time T , and it goes to zero when T 7→ ∞, so that we recover the equilibrium

density vector at recycle time much longer than the largest relaxation times.

Superoperator A is the straightforward product of pulse and relaxation oper-

ators that describe the pulse sequence, B is more complicated. Importantly,

the equilibrium density vector has only non zero contributions for the pop-

ulations, the Zeeman contribution being much larger than the others. In

the limit of very high field, we expect only the first column of (I − EB) to

contribute to the steady state.

In practice, numerical simulations should be performed to obtain results

which take into account the effect of coherences. The residual coherence

contributions are generally manifested by echoes in addition to the FID ob-

served just after the pulse. However, further simplifications occur if it turns

out that the coherences have been cancelled during the free evolution period.

For instance, in the motional narrowing limit, the coherences which time con-

stant contain a dominant adiabatic contribution relax generally much faster

to zero than the populations to their equilibrium value. The quenching of

the nQC coherences during the free evolution period may be obtained by the
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application of a strong magnetic field gradient. It does not affect the pop-

ulations and 0QC [28]. Unfortunately, such methods usually do not apply

to solids, but we can use the fact that coherences usually decay to zero at a

rate much faster than the populations.

2.2.3. The special case of quenched coherences

It is usually verified in solid-state NMR that the recycle time can be set

to verify at a time the two conditions Tc � T � Tp, where Tc are typical co-

herences relaxation times and Tp typical population (spin-lattice) relaxation

times. Therefore, it makes sense to consider that coherences have either de-

cayed during the recycle time, or that their weight compared to populations

can be neglected. In that case, equations 16 or 19 can be greatly simplified.

The mathematical expression of the total decay to zero of the coherences

is that the free evolution propagator becomes E = diag(eWT ,Occ).

For instance when a one pulse sequence is considered, the equation of the

steady-state Eq.15 can be transformed to an equation only spanned by the

subspace of the populations. As a matter of fact, using Eq.11, we have

EP =

 eWT Opc

Ocp Occ

 Ppp Ppc

Pcp Pcc

 (21)

=

 eWTPpp Opc

Ocp Occ

 (22)

Thus, only the population subspace is to be considered, leading to

|ρsst,pp〉 = eWTPpp |ρsst〉+ (Ipp − eWT )|ρeq〉 (23)

and the steady-state density vector obeys
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|ρsst,pp〉 =
(
Ipp − eWTPpp

)−1
(Ipp − eWT |ρeq,p〉 (24)

As expected, only the population terms survive in this approximation. The

resulting density vector is only a function of the submatrix Ppp of the pulse

propagator which mixes the populations with each others.

For completeness, we also give the corresponding equation for a 2-pulse

sequence :

|ρsst,pp〉 =
(
Ipp − eWTPpp

)−1
(Ipp − eWT (Ipp − App))|ρeq,p〉 (25)

where P = P2Eτ2P1 and App = P2(I− Eτ2).

The question of phase cycling has not been addressed yet. As a matter

of fact, the procedure of calculation applied in the previous section is only

valid when all the pulses are strictly identical. In general, the study of the

steady-state of the cyclic repetition of a train of n different pulses is a priori

more complicated in the sense that the periodicity of the steady-state regime

should have the periodicity of the generating sequence. However, the problem

is greatly simplified when the contribution of the coherences is neglected and

when the pulses only differ by their phases, because their propagators are

simply related by Eq.[12]. So, in the present context where the coherences

have decayed in time T, the population part of the density vector before

the (n+ 1)th pulse of phase ϕn+1 is completely determined by its population

components and obeys the following recursion relation

|ρn+1,p〉 = eWT Pϕn+1,pp |ρn,p〉+ (Ip − eWT )|ρeq,p〉 (26)
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But the population part Pϕn+1,pp of the pulse propagator Pϕn+1 is independent

of the pulse phase as indicated by Eq.[13]. Thus, by following the same

induction procedure as in the beginning of the section, we arrive again at

Eq.[24]. It shows that the steady-state populations do not depend on the

pulse phase. But, importantly, the signal recorded after each pulse is still

a function of the pulse phase. Therefore, whenever the coherences have

completely decayed or have been quenched during the recycle delay, a phase

cycling procedure (such as CYCLOPS for instance) will be efficient on the

accumulated signal. Indeed, phase cycling was used, and shown efficient, in

our experiments.

3. Application to spins I=1

The theory presented above can be readily developed for spins I=1. The

formalism is greatly simplified by the fact that the relaxation of the Zeeman

and Quadrupolar order are purely exponential in a first approximation.

3.1. Liouville space for I=1

The equations of motion of an isolated spin I=1 can be found for differ-

ent basis (spherical irreducible bases, single transition basis operator,...) in

[29, 30, 31, 32] for example. Since numerical simulation are more efficient

when performed with real matrices, we choose a Hermitian basis which can

be formed by a linear combination of the spherical irreducible basis. Dis-

regarding the identity matrix, the eight dimensional Liouville space of an

isolated spin I=1 is spanned by the orthonormal Hermitian basis

{
0QC︷ ︸︸ ︷

Bz, Bz2 ,

1QC︷ ︸︸ ︷
Bx, By, Bxz, Byz,

2QC︷ ︸︸ ︷
Bxy, Bx2−y2} (27)
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These operators represent Zeeman and Quadrupolar order, four single co-

herence operators and two double quantum coherence operators respectively.

Their explicit expressions as a function of the spin operators are

Bi =
1√
2
Ii ; Bij =

1√
2
{Ii, Ij} (28)

Bz2 =
1√
6

(3I2z − 2I3) ; Bx2−y2 =
1√
2

(I2x − I2y ) (29)

where i 6= j, i = x, y, z, and {A,B}=AB+BA is the anticommutator of A

and B, and In the n× n identity matrix.

The first order high field truncated free evolution Hamiltonian in the

rotating frame, neglecting chemical shift effects, is

Hz =
ωq
3

(3I2z − 2I3) (30)

This interaction gives the typical doublet at ±ωq.

The radiofrequency Hamiltonian for an irradiation at the center of the

doublet is

Hrf = ω1(cosϕ Ix + sinϕ Iy) +
ωq
3

(3I2z − 2I3) (31)

The ratio R = ωq
2ω1

is a measure of the hardness of the pulse, R� 1 meaning

a hard pulse.

The equilibrium density vector in this basis is chosen as

|ρeq,p〉 =

 ρeq,z

ρeq,z2

 =

 1

ωq
ωl
√
3

 (32)

In general, the equilibrium quadrupolar order component can be neglected

in high field ρeq,z2 � ρeq,z (typically in a 7 T magnetic field, ωq ≈ 2π × 200

kHz gives ωq
ωl
≈ 4× 10−3).
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The quadrupolar relaxation behaviour is described by five relaxation

times which depend on three spectral densities. Let T1z and T1q be the

spin-lattice relaxation time of the Zeeman and Quadrupolar order respec-

tively, T2a and T2b the relaxation times of the 1QC (Bx, By) and (Bxz, Byz)

respectively, and T2dq the relaxation time of the 2QC. Explicit expressions

in terms of spectral densities are given in [29, 30, 31]. In most case of in-

terest where the doublet is well defined (no slow motions, J1(ωl) � ωq), it

can be shown that the relaxation of all the 1QC is adequately described by

only one transversal relaxation time, called T2, with 1
T2

= 1
2
( 1
T2a

+ 1
T2b

). It

is equivalent to treat the 1QC submatrix of the relaxation matrix as a first

order perturbation of the free evolution Hamiltonian. It is important to note

that the relaxation rate of the double quantum coherence does not contain

any adiabatic contribution if the relaxation is assumed purely quadrupolar,

whereas the two transversal relaxation times related to the 1QC have an adi-

abatic contribution. Therefore, in the motional narrowing limit, it can only

be stated that T2 � T1z, T1q, T2dq.

Nevertheless, the occurrence of other non interfering first-rank like relax-

ation mechanisms may increase the relaxation rate of the double quantum

coherences if the contribution of the corresponding adiabatic term in non

negligible.

Thus, the relaxation time constants are defined as (doublets are well

defined, no slow motions)

{Tz, Tz2︸ ︷︷ ︸
0QC

, T2, T2, T2, T2︸ ︷︷ ︸
1QC

, T2d, T2d︸ ︷︷ ︸
2QC

} (33)

For completeness, examples of pulse and free evolution superoperators
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are given in Appendix A.

3.2. Simulations and symbolic calculations

MATLAB [33] was used for the numerical simulations, and the Symbolic

Math Toolbox, including MUPAD, to verify some results calculated by hand,

or to obtain some tedious analytical results (Matlab was installed on a lap-

top Dell Precision M6600 with 8GB of memory, and running an Intel(R)

Core(TM) i7-2820QM CPU 2.3GHz). Symbolic calculations can take a few

minutes. The numerical simulation were directly performed in the Liouville

space using home-made functions implemented in Matlab.

3.3. One pulse repetitive experiments

The steady-state density vector is calculated from Eq.16. An important

result comes from the fact that only the first component of |ρeq〉 is not zero,

thus the product E|ρeq,p〉 = ez|ρeq,p〉 with ez = exp(−T/Tz). The resulting

steady-state density vector is thus always scaled by the factor (1−ez), giving

|ρsst〉 = (1− ez) (I− EP)−1 |ρeq〉 (34)

where the first contribution is a scalar.

3.3.1. Soft Pulse, quenched coherences

Since we consider solid-state NMR, we only treat the motional narrowing

limit where it might be possible to set a recycle delay such that T2 � T �

Tz, Tz2 , T2d. Since the elements of the matrix E11 related to the evolution of

the 1QC decays in a time of the order of 3T2, we can replace E11 by a zero

matrix in this approximation and calculate the resulting steady-state density
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vector. If we divide the steady-state density vector into components related

to the populations, 1QC and 2QC, then the solution of Eq.[16] indicates that

the four components related to the 1QC are identically zero, as well as the

2QC component ρ∞,xy. Moreover, Eq.[ 35] giving the Zeeman component is

also valid. The components ρ∞,z2 and ρ∞,x2−y2 are proportional and obey a

linear system of two equations. Note that these components only affect the

imaginary part of the signal. In cases of practical interest, these two com-

ponents are of the order of ρeq,z2 and can be neglected when the equilibrium

quadrupolar order component is vanishingly small.

For hard pulses, the matrix Ppp corresponding to the population mixing is

diagonal as indicated by Eq.A.1. However, in practice, it is usually difficult

to achieve the conditions of a hard pulse when the quadrupolar interaction

is strong. Nevertheless, it can be shown that the corresponding Ppp matrix

representing a soft pulse applied at the center of the doublet remains diagonal,

but the coefficients are now complicated functions of both the pulse angle

and the ratio ωq/ω1.

Letting Ppp = diag(Pz, Pz2), the solution of Eq.34 is readily calculated as

ρ∞,z =
1− ez

1− Pz ez
ρeq,z (35)

ρ∞,z2 =
1− ez2

1− Pz2 ez2
ρeq,z2 (36)

Note that we have assumed a non-zero quadrupolar order ρeq,z2 at equilib-

rium, to check the relevance of this contribution. Although derived for I=1,

these relations have the same form as the relations obtained for the I=1/2

case. Obviously, this is the consequence of the fact that Epp and Ppp are
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diagonal, so the Zeeman and Quadrupolar order are not mixed and each

contribution evolves independently of the other.

The expressions of Pz and Pz2 for a rectangular soft pulse of duration tp,

along x, are

Pz = cos(βR) cos(βS) +
R

S
sin(βR) sin(βS) (37)

Pz2 = (1− 1

S2
) +

1

2S2
[3 cos2(βS)− 1] (38)

with β = ω1 tp, R = ωq
2ω1

and S =
√

1 +R2. It is easy to verify that Eq.37

and 38 give the same results as a hard pulse in the limit of vanishingly small

quadrupolar interaction ( R → 0 and S → 1), that is Pz → cos β and

Pz2 → (3 cos2 β − 1)/2.

Neglecting ρeq,z2 , the measured signal is

sz(t) =
sin(βS)

S

1− ez
1− Pz ez

cos(ωqt) e
−t/T2ρeq,z (39)

Eq.39 shows that the signal amplitude, at fixed recycle time and different

pulse angle, varies as sin(βS)
S

when T � Tz, while it is proportional to

signal ∝ sin(βS)

S

1− ez
1− Pz ez

(40)

in the general case of a soft pulse.

A second important point comes from the fact that the quadrupolar order

ρeq,z2 follow the same formula, by replacing T1 by Tq.

As can be seen from Eq.[36], the contribution of Quadrupolar order will

become important if the denominator is of the order of ωq
ωl

. In the case

of hard pulses, this is only possible for very short recycle times compared
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to Tz2 . In practice, one can forget the quadrupolar order contribution for

spectroscopy experiments because the recycle time is of the order of Tz (see

later). However, one should be careful when progressive saturation is used

to measure spin lattice relaxation time because short recycle times are used.

Nevertheless, in the limit of very high field where ρeq,z2 is vanishingly small,

only the Zeeman order component remains.

When coherences are neglected, and for a hard pulse Pz = cos(β), Eq.[35]

becomes exactly the equation obtained for a spin I=1/2, indicating that for

spins I=1, the effective relaxation time to be considered in such experiments

is the Zeeman spin-lattice relaxation time. Moreover, the signal to noise

analysis given by Ernst and other workers can be directly applied [2, 3, 4, 5].

In particular, the Ernst angle βopt giving the maximum signal at fixed recycle

time T is such that

cos(βopt) = exp(− T
Tz

) (41)

Such a repetitive one-pulse sequence could adequately replace the inversion-

saturation experiment to measure the Zeeman spin-lattice relaxation time.

It should be stressed, however, that such an analysis applies to a well defined

doublet because a different correction factor must be used for each different

doublet.

3.3.2. Hard pulse and coherences

The effects of the coherences are discussed for a hard pulse in a PRE

sequence, when the coherences are allowed to evolve along the repetitive

experiment. For spins 1/2, it is well known that coherences give spurious

signals that spoil the FID.
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The signal s(t) = sr(t) + i si(t) following a hard pulse along x and assum-

ing |ρeq〉 = Bz :

sr(t) =0

si(t) =− sin β exp(−t/T2)×

[fT cos(ωqt) + e2 gT cos(ωq(t− T ))]× (1− ez)
dT

The different factors fT , gT and the denominator dT are given below using

the notation c = cos β, e2 = exp(−T/T2), e2d = exp(−T/T2d)

fT =(1− e2d cos β)

gT =(e2d − cos β)

dT =(1− c e1)(1− c e2d) + e2D cos(ωqT )+

(e2)
2(c− e1)(c− e2d)

D =(1 + c2)(ez + e2d)− 2c (1 + cez e2d)

Note that the real part of the signal is zero even when the 1Q coherences

have not decayed, a property which is not verified for spins I=1/2 where both

the real and the imaginary components of the signal are modified.

The imaginary part of the signal is composed of two contributions. The

first one, proportional to fT , is a rescaled FID. The second contribution,

proportional to gT , is an echo because it comes from the refocusing of the

1Q coherences. It induces some distortions of the lineshape. However, it is

easy to show that the ratio of the two signals is always lower than e2, so this

contribution may be small if e2 � 1 and T2 � T1z, T1q.
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3.4. Solid echo repetitive experiments, coherence quenched

In the case of a single hard pulse of angle β = π/2, the amplitude of the

signal reduces to 1− exp(−T/Tz) because the denominator is equal to one.

We checked that it is also valid for a solid-echo sequence. Moreover, using

a pulse angle β = π/2− ε, we obtained that

sx = ε (1− exp(−T/Tz)) cos(ωqτ)e
− 2τ
T2 +O(ε3) (42)

sy = −(1− exp(−T/Tz)) cos(ωq(t− τ)) e
− 2τ
T2 +O(ε2) (43)

The real part of the signal is zero to first order O(ε) while the correction to

the ideal behavior for the imaginary part is in second order O(ε2). We’ll see

below that experimental data are in agreement with these results.

3.5. Simulation of the build-up of the steady-state

To illustrate the build-up of the steady-state density matrix, for one pulse

and two pulse experiments, and its convergence to a steady-state value that is

independent of the initial conditions, we used an hypothetical starting initial

condition were all the components of the density vector are equal to one.

One iteration corresponds to the application of one sequence followed by a

free evolution period of length T to the density vector.

The results of the simulations are shown in Fig.2 for short ratio T/Tz=0.1

or 0.5. Depending on the coherence, the convergence to the steady-state can

be monotone, or with oscillations. All coherences decrease to an almost zero

value, except the Zeeman and Quadrupolar order, even when T/T2=1. It

seems thus that we can expect to be in a regime of ”quenched coherence”,

where only spin-lattice relaxation times modify the signal, even for recycle

times as small as T/T2=1.
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When T/Tz ≥ 1, we remarked that the memory to the initial condition

is lost within only 1 to 3 iterations. For smaller ratios, as shown in the

figure, the memory is lost after less than 10 iterations and the steady-state

is established. This is very interesting because it shows that the steady-state

is reached only after a few dummy scans, let say 16.

These simulations explain why so many experiments give a reasonable

NMR spectrum, even when the recycle time is not much larger (3 or 5 times)

than the largest relaxation time.

4. Experimental Results on a deuterated single crystal : C19D40-

urea

To demonstrate the relevance of our model, we used a deuterated single

crystal of C19D40/CO(NH2)2 that presents, at room temperature, three well

defined quadrupolar doublets with different spin-lattice Zeeman relaxation

times [34, 35, 36]. The extend of the quadrupolar interactions in such a

sample gives the opportunity to test both hard and soft pulses experimental

conditions.

4.1. Sample and experimental methods

The 2H experiments were performed at 46 MHz on a Bruker AVANCE

300 spectrometer with a home-made probe, and a single crystals of selectively

deuterated inclusion compounds C19D40/CO(NH2)2. The crystal was grown

following conventional procedure and using fully deuterated alkane C19D40

of commercial origin (Eurisotop). The crystal c-axis was put perpendicular

to the external magnetic field, to have the C − D2 bonds in a plane that

contains the magnetic field. The irradiation frequency was always chosen
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Figure 2: Build-up of the steady-state density matrix as a function of the iteration number,

starting with an hypothetical initial condition where all components of the density matrix

are equal to one. The parameters R=0.2, 0.5, 1 for (continuous blue +), (dotted red line x),

(dashed black o) respectively. Pulse angle is 45◦. Interpulse delay τ = 50µs. (a) PRE with

T/Tz=0.1 ;T/Tq=0.1 ;T/T2=1 ;T/T2d=0.7; (b) PRE with T/Tz=0.5 ;T/Tq=0.5 ;T/T2=5

;T/T2d=3.3; (c) SERE with T/Tz=0.1 ;T/Tq=0.1 ;T/T2=1 ;T/T2d=0.7; (d) SERE with

T/Tz=0.5 ;T/Tq=0.5 ;T/T2=5 ;T/T2d=3.3;

27



at the center of the doublet, to cope with the theory developed in the first

part. The Zeeman spin-lattice relaxation times of the different lines were

measured with an inversion-recovery sequence. For steady-state experiments,

the spectra were acquired after a number of dummy scans of 64 that ensure

that the steady-state is reached. For variable pulse length experiment, the

maximum pulse length (or pulse angle) was limited by the probe arcing or

electrical breakdown. Single pulse and two-pulse solid-state echo were used,

at two radiofrequency power ν1 = 36kHz and ν1 = 16kHz.

4.2. Results and discussion

The spectra obtained from a solid-echo repetitive experiment at three

different recycle times are presented in Fig.3. The experimental parameters

of the three different lines are summarized in Table.1.

From these values, we note that the coherences are negligible as long as the

recycle time is larger than 30-40ms. This simplifies greatly the interpretation

of the data.

4.2.1. One pulse repetitive experiment as a function of pulse angle

For spins 1/2, the steady-state sequence was used at fixed T as a function

of pulse angle, either to maximize the SNR, or to estimate T1 from the angle

corresponding to the maximum signal value. As shown before, the Ernst

formula is also valid for a single pulse I=1 experiment. Figure.4 demonstrates

that experimental curves are well reproduced by Eq.40, with all parameters

given by experimental conditions, with no adjustable parameters.
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CD3 CD2α CDbulk
2

νq(kHz) 7.8 25.4 30

Tz (ms) 360 680 2400

ν1=16khz

R 0.24 0.79 0.94

S 1.03 1.28 1.37

R/S 0.24 0.62 0.68

ν1=36khz

R 0.11 0.35 0.42

S 1.01 1.06 1.08

R/S 0.11 0.33 0.38

Table 1: Experimental data of the three quadrupolar doublets of C19D40/CO(NH2)2 at

room temperature. The value of the parameters R =
νq
2ν1

and S =
√

1 +R2 that are used

in soft pulses are also given. For all doublets, the T2 are smaller than 5-10ms.

4.2.2. One pulse and solid-echo repetitive experiment as a function of recycle

time

For a given pulse sequence, the signal amplitude can be varied as a func-

tion of the interpulse delay T. As for spins I=1/2, the question is whether

such a ”progressive saturation” experiment can also be used to measure the

spin-lattice Zeeman relaxation time Tz. The experimental results for both

single pulse and echo sequence are shown in Fig.5.

For a PRE, the theoretical predictions from Eq.40 are in good agreement

with the experimental results, as indicated by Fig.5.(Left). Remark that no

variable parameters are used, since all parameters needed in the analytical
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formula were already measured. The agreement between experiment and the-

ory is a notable affirmation of the relevance of the generalized Ernst-Anderson

formula for spin I=1. Moreover, it indicates that such a progressive satura-

tion experiment can be used to estimate the Zeeman spin lattice relaxation

time, by fitting the data with

s(T ) = a2 + a3 ∗
(1− exp(−a1 ∗ T ))

(1− Pz ∗ exp(−a1 ∗ T ))

with a1 ≈ 1/Tz. a2 and parameters a3 represent the background and am-

plitude, as in a general 3-parameter fit in a classical relaxation experiment

(saturation-recovery or inversion-recovery). For irradiation at the center of

the doublet, Pz can be calculated as explained above from Eq.37 and the

known experimental parameters.

For the SERE, the simplified formula Eq.43 approximate well the exper-

imental for CD3, CD2α, but not for CDbulk
2 , as exemplified in Fig.5.(Right).

This was to be expected since Eq.43 was derived from the hypothesis of an

ideal solid-echo sequence with hard pulses of angles π/2 ≡ 90◦. In the exper-

iment, a smaller pulse angle ≈ 64◦ was used to cover the full spectral width,

and insure that the spectrum could be phased. From the theory, we expect

a signal amplitude that should contain a numerator that behaves almost like

1− a ∗ exp(−T/Tz), and a denominator that is dependent on pulse angle,

recycle time and quadrupolar frequency and relaxation times.

Because useful analytical formula for SERE could not be obtained, a full

numerical simulation of the signal intensity was performed, which results are

superimposed on the data as red lines Fig.5. Again, no adjustable parameters

were used. The agreement between the simulations and the experiment is

now good, and confirms again the applicability of the theory to explain these
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experiments. In addition, a fit with the simplified formula would also give a

good approximation of Tz.

5. Conclusion

In this study, the results of the Ernst-Anderson model obtained for the

one-pulse repetitive experiment on an isolated spin I=1/2 were generalized

to the case of general pulse sequences and general spin values I≥1/2 by using

the Liouville space formalism for high field NMR. The resulting formula have

a similar analytical structure |ρsst〉 = (I − B)−1(I − A)|ρeq〉, but instead of

scalars, A and B are super-operators depending on the pulse sequence and

relaxation.

The main assumptions which made the problem tractable are the follow-

ing : (1) High field and high temperature approximation ; (2) the relaxation

is neglected during the pulses, but the pulses can be either hard or soft. (3)

during the free evolution period, the relaxation is treated in the weak regime,

such that the Redfield evolution equation for the density operator applies ;

(4) the non-secular components of the relaxation operator are neglected, that

is no cross relaxation occurs ; formally, we only need a decoupling between

the 0QC and nQC.

The fundamental expression presented in this work are Eq.[16] and [19].

The steady-state regime is independent of the initial conditions. Additional

results were obtained by assuming that the coherences can be quenched dur-

ing the recycle time period. If this is so, we showed that the steady-state is

only a function of the populations Eq.[24] and [25]. In the simplest case of a

single pulse sequence, it is independent of the pulse phase, and a phase cy-
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cling procedure like CYCLOPS to remove pulse/receiver imperfections should

work.

We applied the formalism to spins I=1 subjected to a non zero quadrupo-

lar interaction, and a pulse sequence composed of hard or soft pulses with

irradiating frequency at the centre of the doublet. We were able to generalize

the Ernst-Anderson formula for the Zeeman order and Quadrupolar order.

These results on spins I=1 may have practical use because 2H deuterium and

14N NMR are powerful techniques to study molecular systems. Practically,

as soon as the experimentalist is able to irreversibly quench the coherences

before the application of a sequence, then the experimental accumulation

time of a simple one-pulse or solid-echo sequence can be reduced by using a

recycle time of the order of the Zeeman order relaxation time instead of at

least five times this value. All the predictions of the theory were verified by

experiments performed on deuterated nonadecane/urea single crystal.

Further work is needed to treat more general cases, like selective excita-

tion of the central transition of half-integer spins, to know whether repetitive

experiments at short recycle time can be used to obtain spectral or dynamical

information, but we think that including relaxation in the formal treatment

of spin dynamics in the Liouville space for the study of pulse sequences is

only at its beginning for solid-state quadrupolar NMR.

APPENDIX

Appendix A. Example of Spin I=1 superoperators

The unitary propagator of a hard pulse of angle β = ω1tp, along x or y,

applied at the center of the doublet can be represented by the orthogonal
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matrix

Px = 

cβ 0 0 sβ 0 0 0 0

0 1
2(3c2β − 1) 0 0 0

√
3
2 s2β 0 −

√
3
2 s

2
β

0 0 1 0 0 0 0 0

−sβ 0 0 cβ 0 0 0 0

0 0 0 0 cβ 0 sβ 0

0 −
√
3
2 s2β 0 0 0 c2β 0 −1

2s2β

0 0 0 0 −sβ 0 cβ 0

0 −
√
3
2 s

2
β 0 0 0 1

2s2β 0 1− 1
2s

2
β



(A.1)

Py = 

cβ 0 −sβ 0 0 0 0 0

0 1
2(3c2β − 1) 0 0 −

√
3
2 s2β 0 0

√
3
2 s

2
β

−sβ 0 cβ 0 0 0 0 0

0 0 0 1 0 0 0 0

0
√
3
2 s2β 0 0 c2β 0 0 −1

2s2β

0 0 0 0 0 cβ −sβ 0

0 0 0 0 0 sβ cβ 0

0
√
3
2 s

2
β 0 0 1

2s2β 0 0 1− 1
2s

2
β



(A.2)

where cβ = cos β, c2β = cos 2β etc... The free propagator Et is
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Et =



ez 0 0 0 0 0 0 0

0 ez2 0 0 0 0 0 0

0 0 ct e2 0 0 −st e2 0 0

0 0 0 ct e2 st e2 0 0 0

0 0 0 −st e2 ct e2 0 s 0

0 0 st e2 0 0 ct e2 0 0

0 0 0 0 0 0 e2d 0

0 0 0 0 0 0 0 e2d



(A.3)

where

ez = exp(−t/Tz), e2z = exp(−t/Tq), e2 = exp(−t/T2), e2d = exp(−t/T2d), ct = cos(ωqt)

and st = sin(ωqt)
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Figure 3: Solid-Echo repetitive experiment at three different recycle times.The experimen-

tal parameters are : pulse angle β = 64◦, interpulse delay τ = 50µs, ν1=36kHz. Spectra

obtained by FFT of half of the echo (taken from the top of the echo).
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Figure 4: One pulse experiment : signal amplitude as a function of pulse angle. Markers

are experimental data while continuous lines where obtained from Eq.40 with no fitting

parameters. (Left) Fully relaxed with recycle time T=5s for CD3 ( ) and CDbulk
2 (�)

at ν1=36kHz.(Center) CD3 at T = Tz and ν1=36kHz. (Right) CDbulk
2 and T = Tz for

two radiofrequency strengths : (�) ν1=36kHz and ( ) ν1=16kHz. In figure (Left) and

(Right), the maximum amplitude of the two signals were arbitrarily scaled to 1 and 0.7

for sake of clarity.
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Figure 5: Signal amplitude as a function of recycle time T. (Left) Single Pulse with

P1=7u and ν1=16kHz (points). The red continuous lines are calculated from Eq.40 using

the data of table.1 and the values of Pz=0.779, 0.799, 0.807 for CD3, CD2α and CDbulk
2

respectively. (Right) Solid-Echo sequence (Px−τ−Py using a 8 phases cycling procedure,

with Px = Py=11µs, ν1=16kHz, and interpulse delay τ=50µs. The gray dashed lines are

obtained from E(T ) = (1− e−T/Tz ). The red continuous lines come from the numerical

simulation of steady-state solid-echo sequence.

42




