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Abstract

External insulation in the buildings is more widely used in Northern and Continental Europe

than internal insulation. This technique leads to thermal bridges at the building facade that

has projecting elements like balconies. In that case, to meet the thermal requirements of actual

standards, the continuity of the insulation at the interfaces by using thermal break systems (TBS)

is needed. These systems are usually made of a box containing the insulation material, and a

minimalist structural system able to transmit the shear force and the bending moment from the

balcony to the wall. In most cases, structural elements used in TBS are made of stainless steel, as

it is less heat-conducting than normal steel. A specific TBS which is composed of shear keys and

steel profiles to ensure the force transfer between the balcony and the wall, and which will be used

for external insulation in the buildings is focused in this paper. Particularly, the TBS submitted

to important horizontal cyclic shear deformations, provoked by the variations of the dimensions

of the balconies due to climatic effects is considered. The objective of the study presented in this

paper is to show that significant yielding under these actions can be accepted during the service

life of the building. Firstly, experimental cyclic loading tests are performed in order to characterize

the behaviour of the TBS, as well as its fatigue strength. Then, the loading due to climatic effects

is defined on the basis of the database of the ECA&D, the European Climate Assessment and

Dataset. Finally, the fatigue resistance of the system is verified. It is shown that the developed

TBS can resist to fatigue loading for a large length of balcony, even though it exhibits significant

yielding during service life.

Keywords: Thermal break system, thermal bridge, low-cycle fatigue, thermal loads, SUNE,

stainless steel.
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1. Introduction

The level of energy-performance requirements in buildings has substantially increased over the

last twenty years. It is imposed by new thermal regulations to reduce energy consumption and

greenhouse gas emissions in buildings. As the thickness and the efficiency of the insulation of

the walls increase, the energy lost in the building is now mostly due to the discontinuity of the

insulation, where so called thermal bridges are created. These thermal bridges induce moreover a

local condensation of water that can cause a deterioration of the internal coating of the building and

even a degradation of the indoor air quality due to the development of decay. As a consequence,

thermal bridges must be reduced by the use of appropriate solutions like thermal break systems

(TBS), see Fig. 1a.

In the specific case of buildings with an external insulation, thermal bridges develop at locations

where the building facade has projecting element such as balconies. Usual TBS are made of a box

containing the insulation material, and a minimalist structural system able to transmit the shear

force and the bending moment from the balcony to the wall. In most cases, those structural

elements are made of stainless steel, which is less heat-conducting than normal steel.

The first structural systems of the TBS were made of longitudinal and diagonal rebars to

equilibrate the bending moment and the shear force, respectively (Fig. 1b). However, it was

limited for both structural and thermal concerns. For that reason, several attempts have been

made to find better solutions, for example [1–3].

The structural role of the TBS is not only to resist vertical forces, wind or even seismic actions,

but also to absorb the relative displacements induced by the thermal expansion of the balcony.

This critical point is discussed in the specific case of a TBS called SUNE. SUNE is an assembly

of different components consisting of tensile rebars, welded to 2 transversal rebars on each side

for a better anchorage, U-shaped steel sections, and special shear keys. The tensile rebars and

the U-shaped steel sections are used to balance the tension and compression forces due to bending

while the shear key is used to resist the shear force (Fig. 2). The web of the U member presents

longitudinal slots at each end in order to provide some horizontal flexibility. On the lintel side, it

relies on an end plate with a U section, with flanges embedded in the concrete. On the balcony
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(a) (b)

Figure 1: (a) General view of thermal break system seen from balcony side. (b) Thermal break system made

of rebars.

side, a rectangular end plate is welded on the U member. This end plate is connected by two

screws to a U-shaped end plate embedded in the concrete in the same way as on the other side.

Mechanical performances of the SUNE under vertical loads are presented in [4]. To contribute

to thermal performance of the TBS, duplex stainless steels with yield strengths greater than 600

MPa and 550 MPa are used for the rebars and the steel profiles, respectively. A mineral wool with

a thermal conductivity lesser than 0.038 W/(m K) is used as insulation material in the 100-mm

thick insulation box. The use of those materials leads to a good thermal performance with linear

thermal transmittance values below 0.27 W/(m K).

Figure 2: Decomposition of SUNE.

Being located outside the building thermal envelope, the balcony suffers climatic hazards and
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is caused to expand or shorten following climatic conditions (outside temperature, solar radiation,

etc.). The thermal break is placed in line with the insulation and thus ensures the connection

between the outside balcony and the inner floor slab. The latter is located inside the building en-

velope; consequently it only undergoes low changes in temperature. The thermal break is therefore

subjected to shearing induced by the horizontal deformation of the balcony as a function of the

outside-building temperature variations. For that reason, the components of TBS must be designed

to be able to sustain such deformations. The bars and Z-profile have sufficient horizontal flexibility

to deform freely under the thermal forces, but the U-shaped steel profile undergoes yielding even

under frequent actions. The objective of the work presented in this paper is to prove that this

yielding is acceptable and does not reduce the capabilities of the TBS during its service life. Three

reasons have inspired this investigation. Firstly, the behaviour of stainless steels is far away from

the hypothesis of an elastic perfectly plastic material. The plastic hardening of the stainless steel

is stably progressive and there is not any brutal change in the behaviour at the beginning of the

plastification. Therefore, the conventional choice of the limit of elasticity, the stress corresponding

to a plastic deformation of 0.2%, seems completely arbitrary. Secondly, the number of large cycles

provoked by climatic actions is limited and corresponds to the order of magnitude that can be sup-

ported in a low-cycle fatigue. Lastly, the non plastification condition is not imposed in EN1993-1-1

[5].

Nonetheless, accepting yielding at service limit states (SLS) requires a verification against low-

cycle fatigue, given the fact that the plastification may occur several times during the service life

of the element. The fatigue design in this case does not correspond to the usual fatigue design

considered in the domain of civil engineering: the stress is relatively high and the number of load

cycles is low while the design standards deal with the high fatigue life with significantly high number

of load cycles with small variations of stresses.

In this paper, the verification of the thermal break system SUNE against low-cycle fatigue

loads is performed. To do so, cyclic loading tests of the TBS are conducted and presented here in

Section 2. Its results serve to establish the cyclic force-displacement relationship, see Section 3, as

well as the fatigue design curve of the system. The latter is obtained by adopting the procedure

described in Annex D of EN 1990 [6] in order to determine the characteristic and design value of

the model parameters. The detailed procedure is described in Section 4. The fatigue design curve
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is then used to verify the fatigue strength of the thermal break system under the deformation of

the balcony generated by the temperature variation outside the building. The latter is originally

obtained from an European database and then calibrated to the maximum and minimum shade air

temperature given by EN 1991-1-5. The description of the calibration is highlighted in Section 5.

Section 6 presents the verification of TBS against thermal loading which is done by determining

the damage accumulation developed during the building life. Several meteorological stations as

well as balcony lengths are considered in the parametric study.

2. Low-cycle fatigue tests

The mechanical behavior of the TBS under cyclic horizontal loads is evaluated through low-cycle

fatigue tests. The description of this experimental program is presented in the following.

2.1. Geometric description of the test

The test setup consists of a hydraulic jack with a capacity of 1500 kN imposing horizontal

displacement, a specimen, and reaction/bracing systems. The RC slab of the specimen is retained

vertically and horizontally by supporting systems (see Figs. 3 to 5), where the horizontal supports

have a system of adjustment in order to perfectly restrain the test specimen. At the front of the

RC slab near the balcony-slab junction, a lintel with a drop of 100 mm is enlarged at both sides

to avoid any interaction with the physical phenomena near the critical zones of the thermal break

component. The vertical supports are realised by pinned supports placed under the lintel. At the

rear of the concrete slab, a top transverse bar is placed in order to prevent the specimen to uplift.

Besides, to consider the gravity load at service limit states for frequent load combination, a block

of concrete is suspended on the balcony.

2.2. Test specimens

The specimen consists of the balcony, the negative bending moment zone of the adjacent RC

slab, and the balcony-slab connection component (TBS), see Fig. 6. Eight specimens are considered

in the experimental test program as required by NF A03-403 [7] to produce the resistance fatigue
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Figure 3: Action-reaction description.

Figure 4: Overall view of the test setup.

curve, which covers at least 4 points with different numbers of cycles. The eight specimens are

denoted by CH1 to CH8.
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Figure 5: Detail of back and front supporting system.

Figure 6: Dimensions of the specimen in mm.

2.3. Materials

The concrete has a strength class of C25/30. The concrete characteristics at 28 days and at

the day of test are determined on cylinder samples with dimensions of 11 × 22 cm. 3 cylindric

concrete specimens are tested for each concrete age. The results of the compressive tests are listed

in Table 1.

2.4. Loading procedure

Cyclic tests are traditionally carried out with reference to Standard Procedures such as ECCS

[8] and ATC [9] which use loading histories consisting of groups of cycles at increasing amplitudes.

Such loading histories present the advantage of allowing on a single specimen a satisfactory appraisal

of the cyclic performance of the component. However, they appear inadequate for the development
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Table 1: Mean material properties.

Specimen
28 days day of test

fcm (MPa) Std. (MPa) fcm (MPa) Std. (MPa) Age (days)

CH1 36.49 0.14 34.91 0.51 39

CH2 25.97 0.37 29.85 0.51 71

CH3 32.46 0.11 31.94 0.47 43

CH4 27.60 0.58 32.77 0.20 37

CH5 27.60 0.58 28.56 0.52 50

CH6 29.35 0.60 30.80 0.84 35

CH7 29.35 0.60 30.13 0.36 43

CH8 31.28 0.20 35.45 0.50 48

of cumulative damage models useful not only for the seismic design of new structures but also

for the assessment of safety and reliability of damaged structures and for the development of

adequate repair procedures [10]. It has been recognised that repeating three cycles for each cycle

amplitude and then increasing the amplitude does not provide direct information regarding the

damage accumulation and strength degradation corresponding to one particular ductility demand;

in fact, increasing the amplitudes corresponds to an isotropic strain hardening effect resulting

in an increment of the load carrying capacity of the member, but this effect is opposite to the

strength degradation due to local failure and low-cycle fatigue, which are directly connected to the

cycle amplitude and the number of imposed cycles [11]. With regard to the recommended testing

procedure by ECCS, various researchers [10; 11] proposed a cyclic test with a constant amplitude

loading history in the plastic range. This proposal is complying with NF A03-403 [7] for low-cycle

fatigue tests to characterise the fatigue strength of the material.

For the present experimental tests, a sinusoidal form of the cycle is adopted, and the frequency

domain is between 0.03 Hz and 0.1 Hz. It is worth mentioning that at ambient temperature, the

frequency has generally less effect on the results of the tests [7]. At the beginning of the loading, 10

cycle loading is applied at an amplitude of 0.24 mm for CH1 and CH2 specimen; then, the loading

continues with increasing amplitude of 0.1 mm every 3 cycles up to an amplitude of 1.22 mm. The

latter amplitude is then maintained and the loading continues up to failure, see Fig. 7a. For other
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specimens (CH3 to CH8), the loading is applied similarly. A 25 cycle loading with an amplitude

of 0.2 mm is employed at the beginning, followed by an amplitude increasing after every 3 cycles

with 0.1 mm increment until reaching the desired testing amplitude, see Fig. 7b. Every low-cycle

testing amplitude for each specimen is listed in Table 2.
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Figure 7: Loading history.

Table 2: Testing loading amplitude for each specimen.

Specimen CH1 CH2 CH3 CH4 CH5 CH6 CH7 CH8

Amplitude (mm) 1.22 1.22 2.44 1.83 1.52 1.52 2.75 5
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2.5. Instrumentation

The force is recorded by a force sensor DELTECH ± 200 kN. 4 displacement sensors are installed

in order to measure the vertical displacements of the whole specimen during the test (sensors C1 to

C4) and to deduce the evolution of the rotation of the balcony with respect to the RC slab at the

position of the thermal break (see Fig. 8). The measurements are carried out on the underneath of

the RC slab. In order to measure the relative horizontal displacement of the balcony with respect

to the RC slab, two LVDT sensors (C5 and C6) are placed on top of the test specimen (see Fig. 9).

Their measurements make it possible to adapt the displacement of the hydraulic jack to the desired

displacement applied to the thermal break.

Figure 8: Side view of test instrumentation.

Figure 9: Top view of test instrumentation.
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2.6. Failure criterion

There are various methods to determine a failure criterion in fatigue. It is most commonly

associated with a test end criterion other than that of the total failure of the specimen. This

may depend on the interpretation of the results of the fatigue test and the nature of the device

tested. Most proposed failure criteria are based on the appearance, the presence or the worsening

of an observed phenomenon or recorded data, indicating extensive damage or a closely specimen

break. According to NF A03-403 [7] related to the testing of the resistance of metallic material

in low-cycle fatigue, the conventional number of cycles to failure can be defined as the number of

cycles corresponding to:

- the total failure of the test: separation into two distinct parts,

- a decrease of a certain percentage of the maximum tensile stress in relation to a given level thereof

during the test,

- a decrease of a certain percentage of the modulus of elasticity ratio in the tension part and the

compression part of the hysteresis loops,

- a decrease of a certain percentage of the maximum tensile stress in relation to the maximum

compressive stress.

Failure criteria are thus related to a decrease in resistance or stiffness. In the specific case of

the TBS, the level of resisting force is not a failure criterion, as the climatic action is an imposed

displacement. It is more logical to link the failure criterion to the loss of resistance of the TBS

under vertical action. As a consequence, the specimen will be considered as collapsed when a rapid

increase of the rotation of the TBS is observed.

Due to the fact that the value of the balcony rotation is not known during the tests but after

some mathematical operations using the measured values of the vertical displacement, the loading

is continued until the concrete block suspended to the balcony drops and reaches the floor. The

failure point can be then determined by evaluating the evolution of the balcony rotation. This

method can be referred to the third criteria described above, given the fact that the increase of

balcony deflection can be assimilated to a decrease of rotational stiffness.
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2.7. Test results

This section presents the hysteretic cyclic response of the TBS, the failure modes and the

evolution of the jack force and the rotation of the balcony with the number of loading cycles. In

order to avoid any confusion, the number of cycles will be counted in half-sine cycles in the article.

2.7.1. Hysteretic cyclic response

In the following, we present the mechanical behaviour of the TBS under an incremental cyclic

loading. The force-displacement response of TBS under cyclic loading is depicted in Fig. 10 for

all specimens except CH2 and CH6 since the loading amplitude of those two are the same as CH1

and CH5, respectively. We can observe that the effect of concrete damaging is apparent in the

unloading branches through pinching.
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Figure 10: Hysteretic cyclic response.
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2.7.2. Failure modes

Even for the tests with the lowest amplitudes, the deformation of the U-shaped steel is visible

to the naked eye. A slight uplift of the end plates can even be observed. Nevertheless, this has

no impact on the fatigue strength of the thermal break.. The failure modes are similar for all

the specimens subjected to a small to moderate displacement amplitude (CH1 to CH7). They

are associated with the propagation cracks in U-shaped steel sections. The loading is continued

and the first cracks are observed at the first hundred of cycles on both U-shaped steel sections,

propagating diagonally from the hole at the end of the balcony-side slot towards the flanges of the

U-section. After continuing loading, other cracks are initiated in the welds or from the screws. At

the end, cracks propagate in the flanges. Consequently, the compression resistance of the thermal

break system drops significantly, resulting in an increasing balcony rotation until the concrete

block suspended to the balcony reaches the floor. These failure modes are categorized as type I

and type II in Table 3. The type III is observed only for the specimens CH7 and CH8, which have

been submitted to a very large loading amplitude. In this case, the collapse is guided by concrete

crushing.

The failure mode of each specimen is listed in Table 4. It is worth mentioning that the complete

failure of the specimen CH1 has not been attained during the test, i.e the loading has not been

continued until the concrete block, suspended to the balcony, drops and reaches the floor. The

loading has been stopped at 36000 half-cycles. However, at the last loading cycle, the force ampli-

tude had dropped by 22% and the rotation of the balcony had increased by 34% compared to the

values at the beginning of the test. As a result, the number of half-cycles of 36000 is considered as

the number of cycles that the specimen CH1 can sustain with the applied displacement amplitude

of 1.22 mm.

2.7.3. Evolution of jack force and balcony rotation

The jack force measurement using DELTECH ± 200 kN sensor is recorded regularly throughout

the test. The evolution of the force amplitude can be separated into two stages. A linear decrease

in the force amplitude per cycle is observed during the first stage of the test for all specimens, see

Fig. 11. At the second stage, the slope of the force amplitude-number of cycle curve drops more
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Table 3: Failure mode description.

Mode Photo Description

Type (I)

Balcony

Lintel

The first cracks start near the hole at the end

of the balcony-side slot and propagate to the

flange of the U-shaped steel. The second cracks

initiate at the screw holes as well as in the welds.

These second cracks lead to a full fracture of the

U-shaped steel from the balcony.

Type (II)

Balcony

Lintel

The principal cracks initiate in the welds of the

U-shaped steel to the sub-plate embedded in

the lintel and grow up to full break-off. The

secondary cracks propagate diagonally from the

hole at the end of the balcony-side slot toward

the flanges of U-section.

Type (III)

Balcony

Lintel

The concrete crushing is observed on both sides

of the U-shaped steel.

Table 4: Failure mode of each specimen.

Specimen CH1 CH2 CH3 CH4 CH5 CG6 CH7 CH8

Failure mode (I) (I) (II) (I&II) (I&II) (I) (I&III) (III)
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Figure 11: Evolution of jack force as a function of number of cycles.

or less suddenly, indicating the last stage before the complete failure of the specimen.

The rotation of the balcony with respect to the RC slab at the position of the thermal break

is determined by using the measurement of the vertical displacement of the whole specimen. The

evolution of the balcony rotation for all specimens are illustrated in Fig. 12. It can be seen that

there is the same phenomenon, as observed in the evolution of the force amplitude, in the evolution

of the balcony rotation. The first stage of the latter corresponds to its linear growth while the

second stage is associated with its significant growth indicating the beginning of the failure. The

ultimate rotation is chosen at the transition between these two stages.

Table 5 resumes the results of cyclic tests at the failure point in which xa is the horizontal

imposed displacement at failure, θb is the ultimate rotation of the balcony , Fa is the force amplitude

recorded at the ultimate stage, Nf is the number of half-sinusoidal cycles attained at the failure

point, and Vcp is the mean velocity of diagonal crack propagation.

3. Force-displacement relationship for the TBS

Based on the horizontal cyclic loading test results, the force-displacement relationship for the

TBS is developed. The development of the latter is based on plastic-damage model [12] which was

initially developed for modelling concrete material. The force-displacement relationship will serve

later for implementing the low-cycle fatigue design criterion for the TBS.
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Figure 12: Evolution of balcony rotation as a function of number of cycles.

Table 5: Results at assumed failure.

Specimen xa [mm] θb [rad] Fa [kN] Nf Vcp [mm/Nf ]

CH1 1.22 0.0139 37.844 36000 0.001232

CH2 1.22 0.0174 34.999 30000 0.001479

CH3 2.44 0.0229 46.961 8000 0.005612

CH4 1.83 0.0180 40.315 20000 0.002224

CH5 1.52 0.0255 38.027 54000 0.00082

CH6 1.52 0.0172 37.864 36000 0.001232

CH7 2.75 0.0295 47.251 4600 0.009876

CH8 5.00 0.0388 67.078 68 -

3.1. Force-displacement envelope curve

Assuming that the total horizontal displacement (x) can be decomposed into elastic (xe) and

plastic-damage (xpd) components, the generalised force (F ) versus generalised displacement (x)

can be described by the following equation:

x = xe + xpd =
F

ke
+

(
F

k′

)1/n′

(1)

where ke is the elastic stiffness; k′ is the cyclic coefficient and n′ is the cyclic hardening exponent.

Eq. (1) is similar to the one proposed by Ramberg and Osgood [13] which is applied for true stress

and true strain relationship for ductile materials as stainless steel. Eq. (1) is totally empirical. The
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parameter n′ is without unit. The coefficient k′ can be interpreted in logarithm scale of F and xpd.

Rewriting the relation of xpd and F in logarithm scale, we have:

logF = n′ log xpd + log k′ (2)

which means that k′ is equal to F when the plastic-damage displacement xpd is equal to unity. The

plastic-damage displacement xpd can be calculated by the following equation:

xpd = x− F

ke
. (3)

The results of CH3, CH7 and CH8 cyclic tests are chosen to develop the envelope curve, see Fig. 13.

It is assumed that the system performs symmetrically in both directions (compression and tension).

As a result, only one envelope curve for both directions is developed. It is worth mentioning that

only the force attained at the third cycle of each amplitude of displacement is used and the value

of the force presented in Fig. 13 is the mean value of the ones in compression and in tension with

the same amplitude of displacement. By using the least-square fitting regression, we obtain the

following parameters for the envelope curve: the initial stiffness ke=72.83 kN/mm; k′=54.21; and

n′=0.2407.
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Figure 13: Envelope curve.

3.2. Cyclic force-displacement relationship

As presented previously in Section 3.1, a non-recoverable displacement as well as a degradation

of the stiffness of the unloading branch is observed, see Fig. 10. This phenomenon, known as the

coupling between plasticity and damage occurring on brittle materials like concrete, can be modelled

by means of an extension of classical plasticity theory. The detail of the model development is
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presented in Appendix A. The model parameters ζ, β and H are determined in the way that the

force-displacement curve is well described. After several attempts, we observe that the values of

-0.99 for ζ, 0.01 for β and 20 for H give the finest force-displacement curve while compared to

the experimental results, see Fig. 14. One can observe that the coupled damage-plasticity model

represents well the global behaviour of the TBS under cyclic horizontal loading. Indeed, there is a

good estimation of plastic displacement while the system is completely unloaded (zero force) even

if the linear unloading is assumed in the model.
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Figure 14: Comparison of coupled damage-plasticity model against experimental results.

4. Fatigue life design criterion for TBS-SUNE

4.1. Introduction

To perform fatigue analysis, two of the common empirical approaches can be used: stress-life

or strain-life method. In the stress-life approach, the failure life of a structural component is
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estimated based upon the magnitude of the alternating stresses. One of the major drawbacks of

this approach is that it ignores the actual material response and treats all the behaviour as elastic.

This generally results in an overestimation of the fatigue life when the plastic strain contribution is

significant, particularly for the stainless steel. Thus, the stress-life method may not be applicable

when the plastic strain is not negligible, in low-cycle fatigue for example. Alternatively, the strain-

life approach estimates fatigue life using the total strain amplitude, including both the plastic and

elastic strain contributions. Thus, the strain-life methods can be applied in low-cycle fatigue where

significant plastic strains are present.

The relation between the fatigue life and elastic strain amplitude was first identified by Basquin

[14], who proposed a linear relationship between the logarithm of the stress amplitude and the

logarithm of fatigue life. The intercept at one stress reversal is defined as the fatigue strength

coefficient, σ′f , and is usually approximated by the true fracture strength of the metal. The fatigue

strength exponent (also known as Basquin’s exponent), b, is defined as the slope of the line. Thus,

the stress amplitude can be written as

σa = σ′f (Nf )b (4)

where σa is the stress amplitude and Nf is the fatigue life. The relationship between elastic strain

amplitude, εea, and fatigue life is then given as

εea =
σa
E

=
σ′f
E

(Nf )b (5)

where E is the modulus of elasticity. The relationship between fatigue life and the plastic strain

amplitude was independently identified by Coffin Jr [15] and Manson [16]. They found a linear

relation between the logarithm of the fatigue life and the logarithm of the stable plastic strain

amplitude, εpa, which can be written as

εpa = ε′f (Nf )c (6)

where ε′f is defined as the fatigue ductility coefficient and c is the fatigue ductility exponent which

is the slope of the line. In cyclic fatigue experiments, the fatigue ductility coefficient, ε′f , is usually

determined from the plastic strain intercept at one load reversal using the 0.2% offset yield strength

[17]. The strain-life method recognises that there is a transition from predominantly elastic effects
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to predominantly plastic effects. Combining Eqs. (5) and (6) yields the so-called Manson-Coffin’s

strain-life equation:

εa = εea + εpa =
σ′f
E

(Nf )b + ε′f (Nf )c (7)

For a constant amplitude cyclic loading, Eq. (7) allows the number of cycles to failure to be

determined given the constant strain amplitude, εa, and the values of the material constants.

The material parameters can be obtained from monotonic and cyclic experiments. The strain

amplitude is obtained directly through strain measurement at critical locations or indirectly, either

analytically or approximately using finite element method.

From the perspective of applied cyclic stresses, fatigue damage of a component correlates

strongly with the applied stress amplitude. Experimental results indicate as well that the mean

stress influences very significantly on the total fatigue life [18]. In conjunction with the local strain

life approach, many models have been proposed to quantify the effect of mean stresses on fatigue

behaviour. The commonly used models in the ground vehicle industry are those by Morrow [19]

and by Smith et al. [20]. Morrow proposed the following relationship when a mean stress is present:

εa =
σ′f − σm

E
(Nf )b + ε′f (Nf )c (8)

In Eq. (8), the elastic part of the strain life curve is modified to take into account the mean normal

stress (σm). This model has been largely used in the long-life regime where plastic strain amplitude

is of less significance. Another model which is based on the energy description is proposed by

Smith et al. [20], so-called SWT model. It is assumed that the amount of fatigue damage in a

cycle is determined by the maximum energy produced in the component, which is the product of

the maximum tensile stress σmax and the strain amplitude εa. The SWT mean stress correction

formula is expressed as follows:

σmax εa =
(σ′f )2

E
(Nf )2b + σ′f ε

′
f (Nf )b+c (9)

The SWT formula has been demonstrated to be successfully applied to several materials in the

range of low and high numbers of cycles by Boller and Seeger [21]. The SWT model is therefore

regarded as a more promising model for metallic materials.
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4.2. Fatigue life prediction for TBS

Fatigue life criterions exposed above rely on local stresses and strains. This information may be

obtained in the present case by direct measurement or by local finite element analyses. However,

due to the geometry of the specimen, the direct measurement is very demanding. On the other

hand, the behaviour of the contact at the steel-concrete interface and of the concrete under the local

compression of the U profile, that have an important impact on these local stresses and strains,

are hardly represented in FE analyses. As a result, rather than entering in an uncertain complex

computation process, it has been decided to assess the TBS as a whole since it is usually adopted

for fatigue verifications in civil engineering.

Similar to SWT model, an energy-based fatigue criterion was proposed by Jahed and Varvani-

Farahani [22] to assess the fatigue lives of engineering components, which is expressed as:

∆Ef = E′e(Nf )B + E′f (Nf )C (10)

where ∆Ef is the energy due to the applied loading, E′f the fatigue toughness, E′e the strength

coefficient, C the toughness exponent and B is the fatigue strength exponent. Comparably to

Manson-Coffin’s equation, Eq. (10) is composed of elastic and plastic energy-life curve which cor-

responds to elastic and plastic energy contribution, respectively.

This approach can be used for TBS by forming the generalised force and displacement signal

following the force-displacement relationship described in Section 3. However, under variable-

amplitude cyclic loading, applying directly Eq. (10) may be not appropriate since the counting of

loading cycles may be inadequately performed. To overcome this shortcoming, the energy term is

replaced by the product of maximum absolute-generalised forces during loading cycle, Fmax and

the generalised displacement amplitude xa; Eq. (10) is then modified to

∆Emax
f = Fmax xa = E′e(Nf )B + E′f (Nf )C (11)

which is similar to SWT model. It should be noted that Fmaxxa is not the internal energy, but

an external work-like term. Since a low-cycle fatigue life of TBS is focused here, only the plastic

energy-life part of Eq. (11) is considered. Energy-fatigue life equation (Eq. (11)) is then reduced

to:

∆Emax
f = Fmax xa = E′f (Nf )C (12)
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Hence, the energy-fatigue life curve for TBS is constructed based on Eq. (12), see Fig. 15. The

model parameters can be obtained by applying a linear regression analysis presented in the following

section.
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Figure 15: ∆Emax
f −Nf mean curve.

4.3. Design fatigue curve

The ∆Emax
f −Nf curve is evaluated from the fatigue test results. When the fatigue test results

are plotted on a log-log scale, i.e. log (energy range,) versus log (number of cycles to failure) a

scatter is observed in the fatigue data, see Fig. 15. To evaluate the data, a statistical analysis needs

to be performed by applying a technique of standard linear regression analysis.

From the energy-fatigue life model, one can obtain the following linear relationship between

log(∆Emax
f ) and log(Nf ):

log(Nf ) = − 1

C
log(E′f ) +

1

C
log(∆Emax

f ) (13)

Let

Y = log(Nf ); X = log(∆Emax
f ); a = − 1

C
log(E′f ); b =

1

C
(14)

where log is the base-10 logarithm. The estimated values of a and b denoted by ā and b̄, respectively,

are determined by the linear regression analysis which leads to the following equations:

b̄ =
n
∑n

i=1Xi Yi − (
∑n

i=1Xi) (
∑n

i=1 Yi)

n
∑n

i=1X
2
i − (

∑n
i=1Xi)

2 (15)

ā = Ȳ − b̄ X̄ (16)
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where Ȳ and X̄ are respectively the means of Y and X; and n is the number of data points (sample

size). Using the above equations, we obtain:

b̄ = −3.259 and ā = 10.735. (17)

In order to get a low estimation of the fatigue life, the characteristic curve must be determined.

It is assumed that it has the same slope as the mean curve, i.e. bk = b̄ = −3.259. Thus, the

∆Emax
f −Nf design curve can be obtained by calculating the characteristic value of the parameter a.

The latter can be found using the approach described in Annex D of EN 1990 [6]. The characteristic

value ak is determined statistically from the test results, taking into account a confidence level of

at least 0.75. It is assumed that for any fixed values of Xi = log(∆Emax
f,i ), the corresponding

values of ai = Yi − b̄Xi form a normal distribution and then, in the absence of other information,

the characteristic value can be assumed to be the 0.05 fractile of a normal distribution. The

characteristic value is then estimated by the following relation:

ak = ā− ks sa (18)

where sa is the sample standard deviation of ai; their values are listed in Table 6. The value of

ks can be obtained using Table 7 where the sample standard deviation is not known from prior

knowledge and is needed to be estimated from the sample. With 8 sample tests, ks can be taken

Table 6: The value of ai corresponding to each data point from the tests and its standard deviation, sa

ai 10.394 10.305 11.001 10.943 10.872 11.071 11.040 10.252

sa 0.353

Table 7: Values of ks; sa unknown (Confidence level = 0.75)

Probability Number of tests, n

P 3 4 5 6 8 10 20 30 ∞

0.05 3.37 2.63 2.33 2.18 2.00 1.92 1.76 1.73 1.64

equal to 2, which leads ak equal to 10.029. Replacing the characteristic value ak and bk in Eq. (14),

solving for C and E′f and back substituting the results in Eq. (13), the ∆Emax
f −Nf characteristic

curve can be finally constructed, see Fig. 16.
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The design value of a product property is determined using its characteristic value being divided

by a partial factor γm and by multiplying, if applicable, a conversion factor η. γm accounts for

the unfavorable uncertainties on the characteristics of this product property as well as any local

defaults while η is to consider scale effects. The design value of a is therefore given by
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Figure 16: ∆Emax
f −Nf curves.

ad = log10

(
η

γm

)
+ ak = log10

(
η

γm

)
+ (ā− ks σa) . (19)

Since the fatigue tests have been performed in real-scale specimens, the conversion factor η can

be assumed to be equal to 1. The choice of partial factor γm value can be taken based on the failure

modes of the specimens. It has been observed that the failure modes of the specimen subjected to

fatigue loading are mostly related to the fracture of the steel component. As a consequence, it may

seem reasonable to adopt γm = 1.35 as proposed in EC3-1-9 [23] for non fail-safe structural details

poorly accessible. However, this value is defined for polycyclic fatigue while low-cycle fatigue is

here under consideration. As a consequence, three different values of γm will be considered to get

some information on the the sensibility of the design of the TBS to γm. ∆Emax
f − Nf curve are

drawn in Fig. 16 for γm = 1, 1.35, 2.

4.4. Failure criteria for variable amplitude loading

In order to deal with a realistic variable amplitude loading on a structure, the linear damage

accumulation, so-called ”Palmgren-Miner rule” [24] is adopted. In the case of damage accumulation
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methods in combination with ∆Emax
f −Nf curve, the verification rule can be presented as

∑ nE,i

Nf,i
<
Dc

γd
(20)

where

- nE,i is the number of applied load cycles with the loading range level obtained from the rainflow

counting procedure;

- Nf,i is the number of load cycles at failure for loading range level taking into account the uncer-

tainties in the structural resistance;

- Dc is the critical value for the damage ratio, in the ideal case taken equal to 1;

- γd is the partial factor that deals with the uncertainties in damage accumulation rule, the design

working life and the consequences of failure. Its value is assumed to be equal to 1.

5. Thermal action

As mentioned in Section 1, the balcony suffers climatic hazards and is caused to expand or

shorten following the variation of the temperature outside the building. The deformation of the

balcony produces then a shear force on the thermal break system. To determine the action effects

on the latter, the variation of the temperature has to be known. The procedure to define the

temperature data and to obtain the displacement applied to the thermal break system is presented

in this section.

5.1. ECA&D temperature database

European Climate Assessment & Dataset (ECA&D) [25] was initiated by the ECSN in 1998

and has received financial support from the EUMETNET and the European Commission. ECA&D

forms the backbone of the climate data node in the Regional Climate Centre (RCC) for WMO

Region VI (Europe and the Middle East) since 2010. The data and information products contribute

to the Global Framework for Climate Services (GFCS). Today, ECA&D is receiving data from 68

participants for 63 countries and the ECA data set contains 43271 series of observations for 12

elements at 10586 meteorological stations throughout Europe and the Mediterranean zone.
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5.2. Factorised temperature distribution

From the ECA&D website, we can have the data of the temperature for certain meteorological

stations in Europe, particularly in France. The maximum and minimum temperature distribution

over the years obtained from ECA&D database is compared to the distribution of extreme value

given by EN 1991-1-5 [26]. Indeed, the maximum (minimum) shade air temperature Tmax (Tmin)

given by EN 1991-1-5 is supposed to be the value of maximum (minimum) shade air temperature

with an annual probability of being exceeded of 0.02 (equivalent to a mean return period of 50

years), based on the maximum (minimum) hourly values recorded. EN 1991-1-5 provides the

following expressions based on extreme value distributions of type-I to determine the maximum (or

minimum) temperature of the shade air, Tmax,p (Tmin,p) based on an annual probability of being

exceeded p different from 0.02:

Tmax,p = Tmax {k1 − k2 ln [− ln(1− p)]} (21)

Tmin,p = Tmin {k3 + k4 ln [− ln(1− p)]} (22)

where k1, k2, k3 and k4 can be taken equal to 0.781, 0.056, 0.393, -0.156, respectively.

The comparisons of maximum and minimum annual shade air temperature distribution obtained

from several meteorological stations (ECA&D) and the one given by the default values of EN 1991-

1-5 are illustrated in Fig. 17, where the maximum and minimum shade air temperature (Tmax,

Tmin) are obtained from National Annex (NF EN 1991-1-5/NA). It can be seen from Fig. 17 that

there is a large dispersion between the shade air temperature distributions obtained from ECA&D

and the Eurocode one. The Eurocode default curve of the maximum annual shade air temperature

distribution does not fit satisfactorily to any meteorological stations while the minimum annual

shade air temperature distribution of Eurocode fits satisfactorily to Rennes station which is at the

north-west of France.

The value of maximum shade air temperature obtained from ECA&D with an annual probability

of being exceeded of 0.02 does not correspond to the one given by NF EN 1991-1-5/NA. It can

be seen that for certain meteorological stations, Rennes for instance, the ratio Tmax,p/Tmax is

significantly greater than 1. However, it is only one of the cases studied and most of these ratios

are lesser than 1 for other stations. We assume that Tmax and Tmin given by NF EN 1991-1-5/NA

are the values that must be considered for design. As a consequence, the signal of temperature
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(b) Distribution of maximum annual temperature.

Figure 17: Distribution of annual temperature.

obtained from ECA&D with Tmax,0.02 or Tmin,0.02 lesser than Tmax or Tmin given by NF EN 1991-

1-5/NA must be adopted. To do so, the following linear expansion formulation of the signal is

adopted:

T (t) = T0(t)

[
Tmax

Tmax,0.02
+

(
Tmin

Tmin,0.02
− Tmax

Tmax,0.02

)(
Tmax,0.02 − T0(t)

Tmax,0.02 − Tmin,0.02

)]
(23)

where

- T0(t) is the temperature of the initial signal (ECA&D);

- Tmax,0.02 is the maximum temperature of the initial signal with an annual probability of being

exceeded of 0.02;

- Tmin,0.02 is the minimum temperature of the initial signal with an annual probability of being

exceeded of 0.02;

- Tmax is the maximum temperature from NF EN 1991-1-5/NA with an annual probability of

being exceeded of 0.02;

- Tmin is the minimum temperature from NF EN 1991-1-5/NA with an annual probability of being

exceeded of 0.02.

The factorization is performed only when Tmax,0.02 is less than Tmax or when Tmin,0.02 is greater than

Tmin. The temperature distribution after factorizing is shown in Fig. 18. It can be seen that while

calibrating Tmin,0.02 and Tmax,0.02 of the initial signal to Tmin and Tmax of NF EN 1991-1-5/NA,
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respectively, the factorized maximum as well as minimum temperature with cumulative probability

p greater than 0.02 alter to be larger in absolute value. This reshapes the temperature distribution,

particularly for maximum temperature, and leads to a wide scatter compared to the ones given by

NF EN 1991-1-5.
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Figure 18: Factorized distribution of annual temperature.

5.3. Solar radiation

Solar radiation has important effects in generating heat on the surface of the balcony. For

buildings above the ground level, the following values in Table 8 [26] are adopted for solar radi-

ation effects. To be conservative, the dark colored surface is considered. Consequently, there is

Table 8: Indicative temperature Tout
for buildings above the ground level.

Season Significant factor Temperature Tout in ◦C

Summer

Relative absorptivity 0.5 Bright light surface Tmax + T3

depending on surface color 0.7 Light colored surface Tmax + T4

0.9 Dark surface Tmax + T5

Winter Tmin

Note: T3 = −10 ◦C; T4 = 0 ◦C; T5 = 10 ◦C given by NF EN 1991-1-5/NA.

a modification on the signal of temperature due to solar radiation effects by adding T5 to Tmax
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defined by the national annex. The daily design temperature (Eq. (23)) is then modified to:

T (t) = T0(t)

[
Tmax + T5
Tmax,0.02

+

(
Tmin

Tmin,0.02
− Tmax + T5

Tmax,0.02

)(
Tmax,0.02 − T0(t)

Tmax,0.02 − Tmin,0.02

)]
(24)

5.4. Conversion of temperature signal to displacement signal

From the design temperature obtained by using Eq. (24), we calculate the variation of outdoor-

indoor temperature ∆T with respect to time. It is here assumed that the temperature inside the

building varies during the year, see Table 9, as estimated by NF EN 1991-1-5 [26]. The horizontal

axial deformation of the balcony, supposed to be symmetric from the central axis of the balcony, is

then determined from the variation of outdoor-indoor temperature in association with the balcony

length, Lb. This deformation will generate the horizontal displacement imposed to TBS-SUNE at

both extremities of the balcony.

Table 9: Temperature inside the building Tinside in ◦C

Date Tinside

22 March - 21 June 22.5

22 June - 21 September 20.0

22 September - 21 December 22.5

22 December - 21 March 25.0

The corresponding displacement is given by:

x = α∆T
Lb

2
(25)

where α = 10−5 is the coefficient of thermal dilatation of concrete and ∆T = T (t)− Tinside(t).

6. Verification to thermal loading

6.1. Steps of the method and general assumptions

The verification of TBS against thermal loading can be performed by determining the damage

accumulation developed during the building life. This can be done for an existing building where

the distribution of temperature is already known. To design a new building where the climate

surrounding the building is not yet known during the building life, a probabilistic approach has to

be developed.
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It is assumed that the statistical distribution of the climatic action can be computed on the basis

of the distribution of the recordings of ECA & D, transformed as explained in previous paragraphs

in order to get thermal amplitudes compliant with actual European standards.

The climatic action in fatigue is defined on the basis of a duration of one year, from 22nd of

March to 21st of March, i.e. from spring to spring. The annual accumulated damage Dy of the

year i is then obtained from:

Dy,i =

m∑
j=1

nE,j

Nf,j
(26)

where m is the number of different displacement amplitudes xa,j obtained from rainflow counting

technique; nE,j is the number of semi-sinusoidal cycle of each rainflow displacement amplitude

xa,j ; and Nf,j is the number of semi-sinusoidal cycle to failure obtained from ∆Emax
f −Nf design

curve for each rainflow displacement amplitude xa,j . In order to use ∆Emax
f −Nf design curve, the

maximum absolute-generalised forces during loading cycle, Fmax, is required. The analysis with the

annual displacement signal is then primarily performed to capture the corresponding force signal

acting on the structure by using the coupled damage-plasticity model developed in this paper.

It is worth noting that the rainflow counting algorithm developed by Nies lony [27] is used. This

algorithm also provides the start and end point of the loading cycle which can be used to determine

the index of the loading cycle, and as a result the value of Fmax for each rainflow displacement

amplitude xa,j .

Processing all the data of ECAD for one station gives a set of values of Dy,i that is used to

obtain an estimation of the mean value µ̂Dy and of the standard deviation σ̂Dy .

The service life is fixed to 50 years in Eurocodes for usual buildings, and the related accumulated

damage denoted D50 has to be limited to 1. D50 is a random variable equal to the sum of 50 annual

damages. Each annual damage is supposed to be independent. Hence, according to the central limit

theorem, the data set of D50, which is a sum of independent random variables, follows a normal

distribution N (50 µ̂Dy , 50 σ̂2Dy
) even if Dy,i is not normally distributed. Within a data sample size

equal to nyear, the characteristic value of D50 can be obtained using the following expression:

D50,k = 50 µ̂Dy + tv
√

50 σ̂Dy (27)

It is worth mentioning that the available data signal from ECA&D is usually greater than 50

years and that the value of tv is determined by using the inverse value of Student’s cumulative
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distribution function, multiplied by
√

1 + 1/nyear.

Since the ∆Emax
f −Nf design curve is used to determine the damage parameter, the character-

istic value D50,k can be then considered as design value D50,d.

6.2. Computation of the distribution of annual damages based on historical recordings

The following computation of the distribution of annual damages in Rennes and Embrun cities

is done with γ = 1. The temperature and its variations applied for a balcony length of 19 m

from 22/03/2016 to 21/03/2017 for these cities are chosen for an illustration. Fig. 19 shows the

factorized temperature signal in both cities. It can be seen that the factorized temperature signal

in Rennes oscillates lesser than the one in Embrun. This is logical, as Rennes is located in a

flat area near the atlantic ocean in North-West of France and is subject to a tempered oceanic

climate, while Embrun is in the South-East of France in a mountainous region. The histogram
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Figure 19: Factorized temperature signal from 22/03/2016 to 21/03/2017.

of inside-outside temperature variation ∆T of both cities are depicted in Fig. 20. It appears that

the most frequent value of ∆T in Rennes is around -10 ◦C which corresponds more likely to daily

temperature variation while in Embrun, the frequent value of ∆T is in the range of -20 ◦C to 3

◦C. The minimum annual inside-outside temperature variations are -33 ◦C and -38 ◦C while the

maximum are 16 ◦C and 27 ◦C in Rennes and Embrun, respectively. The displacement signals

corresponding to the inside-outside temperature variations on the balcony with 19 m length are

represented in Fig. 21. The rainflow counting algorithm is performed on both displacement signals

and the rainflow matrices are illustrated in Figs. 22 and 23 in which xm is the mean value of

displacement and xa is the amplitude. It is shown that there are few data with a large amplitude
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Figure 20: Histogram of inside-outside temperature variation from 22/03/2016 to 21/03/2017.

in the rainflow matrix. Those few data correspond to the annual temperature variations. The

large density of rainflow matrix are condensed in the low amplitude range which is more or less

related to the daily temperature variation. Besides, a large number of displacement amplitude in

the rainflow matrix are larger than 0.5 mm, the displacement amplitude which can induce yielding

of the thermal break system, see Fig. 13. The force signals, see Fig. 24 in response to the
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Figure 21: Displacement signal for Lb = 19 m.

displacement signals, are obtained by performing the analyses using the coupled damage-plasticity

model. From the force signal, the absolute value of maximum force Fmax during the the rainflow

loading cycle can be obtained. The histogram of ∆Emax
f = Fmaxxa for each city can be constructed,

see Figs. 25 and 26. It is clear that the value and frequency of ∆Emax
f developed on the thermal
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Figure 22: Rainflow matrix of displacement signal in Rennes.
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Figure 23: Rainflow matrix of displacement signal in Embrun.

break system while being used in the buildings in Embrun is larger than the one in Rennes. As a

result, the annual accumulated damage in Embrun is larger than the one in Rennes.
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Figure 24: Force signal for Lb = 19 m.
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Figure 25: Histogram of ∆Emax
f .
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Figure 26: Histogram of ∆Emax
f .

The study is extended to 5 French cities representing different climates. Fig. 27 shows the

evolution of the annual accumulated damage, still for a balcony length of 19 m and a safety factor

γm equal to 1. It can be seen that the evolution of Dy is very random. Dy during the last 50 years

at Rennes city, featuring an oceanic climate, is quasi constant compared to the one in Embrun, in

the Alps, which is very fluctuating with a growing global trend. On the contrary, the damaging in
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Paris is rather decreasing. Bordeaux and Strasbourg give intermediate levels of damaging.
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Figure 27: Evolution of Dy for Lb = 19m.

6.3. Computation of the distribution of annual damages based on historical recordings

The evolution of the 50-year building life damage D50,d is calculated for the five different cities

under consideration for a safety coefficient γm equal to 1. Its evolution in function of the balcony

length is illustrated in Fig. 28. As could be expected, the life-time accumulated damage is larger in

Embrun. Strasbourg, which is located in the east of France and is subject to a continental climate,

gives also large damagings, while Rennes gives the lower ones. Bordeaux and Paris give intermediate

values. These differences are consistent with the climatic zones defined in the Eurocodes. The

evolution of the damaging with various values of the safety coefficient γm is computed for different

lengthes of balconies in the most unfavourable city, i. e. Embrun, as illustrated in Fig. 29. TBS-

SUNE can sustain fatigue load during the building service life for the balcony length up to 16.5

m, 18 m and 19 m (D50 = 1) for a safety factor γm = 2, 1.35 and 1, respectively. It appears that

the safety factor does not substantially influence the balcony length. Because the balcony is, in

general, made with a length smaller than 12 m, the use of γm = 2 already gives a large margin.

Such large margin provides a proof that it is possible to develop stresses in a plastic range in SLS

without a risk of collapse during the building service life. However, the reliability analysis in the

safety format with larger database of the cities is needed to determine the actual value of the safety

factor.
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Figure 28: Evolution of D50,d in function of Lb with γm = 1
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7. Conclusions and perspectives

The procedure for verifying the thermal break system SUNE against low-cycle fatigue loads

induced by the deformations of the balcony due to the variations of the temperature has been

presented in this paper. Primarily, eight cyclic experimental tests of the system are performed

with several loading amplitudes. On one hand, they serve to define the fatigue design curve. On

the other hand, they allow to develop a coupled plastic-damage mechanical model of the device.
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Then, the past temperature variations taken from ECA & D database for five different cities are

scaled in order to comply with the extreme values recommended in the Eurocodes. After adding

the effect of the solar radiations, the elongation histories are computed for different lengthes of

balconies. Force-displacement histories are deduced using the mechanical model, and the cycles

applied to the system are counted by a rainflow algorithm. Finally, the fatigue design curve allows

to verify the fatigue strength of the thermal break for the different configurations considered. The

process is applied in five different cities for different lengths of balconies.

As could be expected, the annual accumulated damage is larger in mountainous regions than

in tempered areas, and the evolution of the damage follows the same trends as the minimum and

the maximum shade air temperatures defined in the French national annex of the Eurocode.

The design format and the related safety coefficients are not known at this stage. But, it is clear

that a safe design can be achieved for usual lengths of balconies at least up to 12 m. Moreover, a

parametric study shows that the maximum length of the balcony is not proportional to the safety

coefficient and that, even with a safety coefficient of 2, a balcony length of 16 m can be reached in

the most unfavourable location considered in the study.

This specific case illustrates that it is possible to exceed the conventional 0.2 percents yielding

during service life without any risk for the integrity of the components. This offers a wide range

of new possibilities, particularly in the case of shear keys used in thermal break systems.

Further investigations through reliability analysis are however needed in order to define an

accurate safety format.
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Appendix A Cyclic force-displacement relationship

A.1 Yield function for TBS

By taking into account the isotropic and kinematic hardening, the yield function for TBS-SUNE

system is proposed as follow:

f (F, F q, R) = |F − F q| −R (A-1)
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where F q and R are the thermodynamic force associated to the kinematic and isotropic hardening,

respectively.

A.2 Coupled plastic-damage model

The following model is presented initially by Meschke et al. [12]. It is herein presented for one

dimensional case in which forces and displacements are considered as variables.

The following set of state variables is assumed for the thermodynamic state at any time t:

{xe, xp, xd, p, q} (A-2)

where x is total displacement, xp plastic displacement, xd displacement associated to damage, p the

internal variable associated with the isotropic hardening and q is the internal variable associated to

the kinematic hardening. The choice of the internal variables is not unique. In fact, it is possible

to substitute the displacement associated to damage by the plastic displacement. To do so, it is

sufficient to observe that:

F = ke xe = kd xd = k (x− xp) (A-3)

in which ke is elastic moduli and kd is damage moduli that varies in function of the non-recoverable

displacement. Following the above hypothesis, the total work done by the force F is assumed to

have the form:

W = W
(
xe, xp, Dd, p, q

)
(A-4)

in which Dd = 1/kd is the damage compliance moduli. It is usual to assume that the total work

can be split as

W = W e(xe) +W d(xd, Dd) +W p(p) +W q(q) (A-5)

where

- W e(xe) =
1

2
xe ke xe is the work corresponding to the elastic displacement, see Fig. A1; and

- W d(xd, Dd) =
1

2
xd kd xd is the work corresponding to the displacement associated to damage

which can be rewritten as W d(xd, Dd) =
1

2
xd kd xd = xd kd xd − 1

2
xd kd xd = F xd − 1

2
Dd F 2.
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Figure A1: Elasto-plastic damage model.

Inserting the expressions of W e(xe) and W d(xd, Dd) in to Eq. (A-5) and making use of Eq. (A-3),

we can rewrite the expression of the total work as follow:

W = W ed(x, xp, Dd) +W p(p) +W q(q) (A-6)

where W ed(x, xp, Dd) =
1

2

(
De +Dd

)−1
(x− xp)2 =

1

2
D−1 (x− xp)2 , De = 1/ke and D = 1/k .

The Clausius-Duhem inequality requires

0 ≤ Ḋ = F ẋ− Ẇ (A-7)

Substituting Eq. (A-6) into Eq. (A-7), and making partial differential operation on each part of

total work, one has:

Ḋ =

(
F − ∂W ed

∂(x− xp)

)
ẋ+

∂W ed

∂(x− xp)
ẋp − ∂W ed

∂Dd
Ḋd − ∂W p

∂p
ṗ− ∂W q

∂q
q̇ (A-8)

Eq. (A-8) must be satisfied for all evolutions containing the elastic case without damage where

xp = 0, Dd = 0, p = 0 and q = 0; this implies the first elastic state law:

F =
∂W ed

∂(x− xp)
= D−1(x− xp) (A-9)
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From Eq. (A-9), we define the following thermodynamic forces:

Ŷ =
∂W ed

∂Dd
= −1

2
F 2 (A-10)

R(p) =
∂W p

∂p
(A-11)

F q(q) =
∂W q

∂q
(A-12)

The Clausius-Duhem inequality is then reduced to

Ḋ = F ẋp +
1

2
F 2 Ḋd −R(p) ṗ− F q(q) q̇ ≥ 0 (A-13)

The interest here is to introduce a coupling between the two phenomena by introducing a single

criterion that depends only on F , R(p) and F q(q). In the absence of an explicit criterion on Ŷ ,

one can overcome its presence in the dissipation inequality. The area of convex reversibility C is

defined in the space of thermodynamic forces (F, F q, R). It can be written as

C := {(F, F q, R) | f(F, F q, R) ≤ 0} (A-14)

where the yield surface f(F, F q, R) = 0 limits this area; inside which, no irreversibility is possible.

In analogy to classical plasticity theory, the evolution of the compliance moduli Dd, of the in-

elastic displacement xp and of the internal variables (p, q) is obtained from exploiting the postulate

of maximum dissipation [28].

inf
(F, F q , R)

[
−Ḋ

]
(A-15)

Thus, for a given set of variables in the admissible state (F, F q, R) ∈ C, the rates
(
xp, Dd, p and q

)
are those that produce a stationary point of dissipation Ḋ. To find the solution of this problem,

the Lagrange multiplier method is used. The following Lagrangean function is introduced

L(F, F q, R) = −Ḋ + λ̇ f(F, F q, R) (A-16)

= F ẋp +
1

2
F 2 Ḋd −R(p) ṗ− F q(q) q̇ + λ̇ f(F, F q, R) (A-17)

where λ̇ ≥ 0 is Lagrange multiplier. From the associated optimality conditions:

∂L

∂F
= 0;

∂L

∂F q
= 0;

∂L

∂R
= 0, (A-18)
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one gets:

ẋp + Ḋd F = λ̇
∂f

∂F
(A-19)

q̇ = −λ̇ ∂f

∂F q
(A-20)

ṗ = −λ̇ ∂f
∂R

(A-21)

Defining the differential displacement associated with the degradation of the compliance moduli by

ẋda = Ḋd F (A-22)

and the inelastic displacement rate by

ẋpd = ẋp + ẋda, (A-23)

one can rewrite Eq. (A-19) in the form analogous to classical associative plasticity theory as

ẋpd = λ̇
∂f

∂F
(A-24)

It can be observed that the inelastic displacement rate xpd is composed of two parts: one part due to

the plastic displacement and the other part due to the deterioration of the microstructure, resulting

in an increase of the compliance moduli Dd. To separate these two parts, a scalar parameter β is

introduced [12]. The plastic and damage displacement is then given as

ẋp = (1− β) λ̇
∂f

∂F
(A-25)

ẋda = Ḋd F = β λ̇
∂f

∂F
(A-26)

Eq. (A-26) results in the evolution law of the compliance moduli

Ḋd =
β λ̇

F

∂f

∂F
. (A-27)

The Lagrange multiplier is determined by the admissible state where the point corresponding to

the loading state cannot quit the yield surface [28]. For a given yield function f(F, F q, R), we

have Kuhn-Tucker loading/unloading and consistency conditions, respectively, as follow:

λ̇ ≥ 0, f(F, F q, R) ≤ 0, λ̇ f(F, F q, R) = 0 (A-28)

λ̇ > 0, λ̇ ḟ(F, F q, R) = 0 (A-29)
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By evaluating the consistency condition Eq. (A-29) and making use of Eqs. (A-9), (A-20) and (A-21)

, one gets:

ḟ(F, F q, R) =
∂f

∂F
D−1 x− λ̇

[
(1− β)

∂f

∂F
D−1

∂f

∂F
+

∂f

∂F q

∂F q

∂q

∂f

∂F q
+
∂f

∂R

∂R

∂p

∂f

∂R

]
. (A-30)

Solving for the Lagrange multiplier λ̇, one has:

λ̇ =

∂f

∂F
D−1 x

(1− β)
∂f

∂F
D−1

∂f

∂F
+

∂f

∂F q

∂F q

∂q

∂f

∂F q
+
∂f

∂R

∂R

∂p

∂f

∂R

. (A-31)

A.2.1 Nonlinear isotropic hardening law

The nonlinear isotropic hardening law can be determined by making use of the envelope curve

obtained in Section 3.1. Differentiating the first elastic state law (Eq. (A-9)) with respect to time

and making use of Eqs. (A-22) and (A-23), one gets:

ẋ =
Ḟ

ke
+Dd Ḟ + ẋpd. (A-32)

To identify the hardening law, it is here assumed that the quantities Dd Ḟ is proportional to xpd

Dd Ḟ = ζ ẋpd (A-33)

where ζ is a constant scalar parameter. This parameter will be determined by adjusting the

numerical result to the experimental ones in order to reproduce the finest unloading moduli.

Inserting Eq. (A-33) into Eq. (A-32), making use of Eqs. (A-1), (A-21) and (A-24) for positive

forces, and performing time integration on the result, one obtains:

x =
F

ke
+ (1 + ζ) p (A-34)

Substituting Eq. (A-34) into Eq. (1), inserting the result into Eq. (A-1) and ignoring the kinematic

hardening part of the yield surface, one gets

R(p) = k′ [(1 + ζ)p]n
′

(A-35)

A.2.2 Linear kinematic hardening law

In the present model, a linear kinematic hardening law is adopted, i.e.

∂F q

∂q
= H (A-36)

where H is the kinematic hardening moduli.
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