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Abstract

Topological analysis of electron densities sampled on 3D grids have been performed
on two different crystalline compounds - ammonium dihydrogen phosphate and urea -
using the software package InteGriTy and the results are compared to that of analytical
derivation from the software Newprop and TOPOND. Both critical points and
integrated quantities are considered with emphasis put on bond critical points and

atomic charges.

Keywords: D. electronic structure, C. X-ray diffraction, C. ab initio calculations, A.

organic compounds, A. inorganic compounds.

1. Introduction

Topological analysis of very accurate electron densities is something quite popular

nowadays [1, 2]. During the past decade several programs have been developed. Almost

all of them are either connected to a computer program [3—8] or have limitations
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concerning the type of basis sets used to describe the density [9—11]. Very recently a
software package called InteGriTy [12] has been developed for the topological analysis
of electron densities sampled on 3D grids. Topological analysis is based on one hand on
the location and characterisation of critical points of the electron distribution and on the
other hand on the unique partition of this latter according to atomic basins bounded by a
zero flux surface [13]. This implies an extensive use of the density and its first
(gradient) and second (hessian and laplacian) derivatives. In most of the existing
programs, these quantities are derived from analytical expression of the density, which
depends on the choice of basis sets. In the InteGriTy package, these quantities are
obtained from a 3™ order polynomial interpolation method applied to the density grid
points [12]. This enables a rapid and systematic study over the whole grid (which can
represent a crystallographic unit cell or an isolated system) that can be done without the
knowledge of atomic positions. This method is particularly useful in the case of
densities derived from the maximum entropy method applied to X-ray diffraction data
[14,15]. In the study of a charge transfer complex [16] this method has been
successfully applied to theoretical electron densities [17].

This paper is devoted to a comparison of the results obtained from InteGriTy and two
other “analytical” softwares Newprop [5] and TOPOND [3] for two test compounds
Newprop is devoted to the topological analysis of experimentally derived electron
densities using a multipolar expansion [18] whereas TOPOND is dedicated to
theoretical densities based on gaussian basis sets [19].

Critical points (CP) of the electron distribution p(r) correspond to positions where
the gradient of the density vanishes Vp(r)=0. In either InteGriTy and Newprop
programs the search is based on the conventional Newton-Raphson method [20] where

approaching a CP is realised with subsequent steps given by the product of the hessian
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matrix of the density H[p] (second derivatives) and the gradient using a damping factor
o
rir-ri=-o-H-Vp(r)

The process is stopped when a limit €, of the gradient of the density is reached:
IVp(r)|< €. Then the curvatures {Ai, Ay, A3,} of the density at the critical points can be
obtained from diagonalisation.of the hessian matrix. Each CP is characterised by two
numbers (w,0) where the rank w is the number of non zero curvatures and the signature
o is sum of the signs of the curvatures. The laplacian V>p(r) (trace of H or sum of the
N\’s) as well as the ellipticity e=(A1/A, — 1) are additional quantities that characterise a
CP [21,22]. InteGriTy performs a systematic search throughout the whole grid starting
from all the grid points [11] whereas Newprop does such a search starting from 2D
grids in several planes. TOPOND searches for the different kind of CP’s using a fully
automated procedure [23]. In the case of (3,-1) CP’s, search is started from points on
lines connecting two any unique pair of atoms and using either Newton-Raphson
methods or two other more sophisticated alternatives [ 24, 25].

In all three programs the atomic surface S. of an atomic basin Q is determined by
single intersection of S, with rays originating from the (3,-3) CP to which Q is bounded
to. Integration of atomic quantities such as volume, charge and higher moments of
electronic distribution are performed in spherical coordinates (r,0,p). Newprop makes
integration with the same fixed numbers of integration points in 6 and ¢ for all the
atoms. TOPOND uses such a fixed sets for each atoms. Both programs dynamically
define the number of radial steps according to the length of the rays. InteGriTy adjusts
all the three numbers of integration steps to predefined convergence levels according to

the Romberg integration method [12,26]. This procedure allows for speeding the
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integration process. The major limitation of integration accuracy with InteGrity is the
need to separate “valence” electron density from the total density to get reliable and
precise integrated atomic charges if one cannot afford too fine grid meshes. This effect
is due to the interpolation failure close to the nuclei when very sharp behaviour of the
density occurs and this becomes more important as heavy atoms are considered.
2. Experimental Density

The first test compound NH4H,PO; has been selected for the comparison of
InteGriTy with analytical derivation of topological results from multipolar expansion
with Newprop program. In this compound the ammonium (NH4) sub-lattice is linked to
the dihydrogen phosphate (H,PO4) network via different kinds of intermolecular
hydrogen bonds [27]. On the other hand it has received special attention [28]. In order

to compute its topological properties with InteGriTy, a grid of 140x140x140 points with

a mesh size of A=0.05A has been built from the multipolar refinement.

2.1 Critical Points

In both analytical and grid methods, a 0.3 damping factor has been used for the
Newton-Raphson method. The zero gradient threshold &, is 10™® ¢/A* for Newprop and
values ranging from 10 to 10™'* ¢/A* have been used for InteGriTy. Due to the Slater
type of the radial functions used in the multipolar expansion, cusp condition can appear
at nucleus positions and then not all the (3,-3) critical points can be accurately
determined. Therefore (3,-3) CP’s are not systematically searched for in program
Newprop. In the case of InteGriTy, (3,-3) critical points can be located within less than
0.03 A from the nuclei with e, above 10 e¢/A*. The density and curvatures show
fluctuations for equivalent positions and some of them remain unrealistic (see section

3.1). Nevertheless systematic location of (3,-3) critical points which correspond to
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attractors can be very useful for studying densities obtained by maximum entropy
methods [14,15]. Then comparison is made focusing only on bond critical points (BCP)
which are the more relevant for quantitative characterisation of interactions. When using
InteGriTy well numerically converged CP’s curvatures need a zero gradient threshold
below 107" e/A* at the expense of CPU time and location of all (3,-3) CP’s. Table-1
gives the main characteristics of ammonium dihydrogen phosphate intramolecular and
intermolecular hydrogen bonds (3,-1) BCP’s. In both cases the results obtained agree
very well and there is no noticeable difference in the position and the density at the
critical points.

Newprop and InteGriTy use the same algorithm to reach the precise position of CP’s.
They only differ in the way the density and its derivatives are obtained, that is
respectively from analytical and interpolation expressions. This means that at the level
employed for mesh size and Newton-Raphson method criteria, the interpolation method
implemented in InteGriTy gives reliable results while the CPU time is in favour of
InteGriTy (less than 3 minutes on a IGHz PC computer compared to about half an hour
for Newprop). Two slightly different sets of curvature values are found for
intramolecular O—H bond critical points (see 2™ and 3" rows of table-1). As they should
be equal to comply with symmetry, this gives thus an idea of the accuracy of the grid

method for the 0.05A mesh size used in this case.

2.2 Integrated quantities

The comparison between InteGriTy and Newprop for integrated atomic volumes and
charges is reported on table-2. The main difference in the integration processes lies in
the fact that Newprop uses gaussian quadrature method with a fixed number of

integration points along theta and phi (they do not vary during the surface search). On
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the other hand, Integrity uses an iterative procedure with relative integration
convergence levels, which have been set here respectively to 10”7 and 10 for radial and
angular integration. Newprop integrated atomic charges are determined from the total
electron density whereas atomic charges derived with the help of InteGriTy come from
the valence electron density alone. As can be seen on table-2, the results again agree
very well and CPU time consuming is in favour of InteGriTy (on the order of 5 min per
atom) provided grid building time remains reasonable. The total charge error over the
unit cell is less than 0.1% of the 160 valence electrons (0.037 electron per chemical
formulae for InteGriTy against 0.047 for Newprop) whereas the added basins’ volume

is about 1.7% less than the unit cell volume (420.5 A%) .

3. Theoretical Density

Urea CONH, has been chosen as the second test compound since it has been
extensively studied in the frame of topological analysis [3,29]. For this work the
electron density has been computed with CRYSTAL98 with a simple 6-21G basis set
since no absolute values were searched for. The analytical topological results have been
obtained with TOPOND. Different mesh sizes have been investigated: 0.05A and
0.025A. Only the second case is presented here since it provided well-converged

integration results without treating separately valence and total densities.

3.1 Critical Points

Table-3 gives the characteristics of all the intra- and inter-molecular BCP’s, the latter
being limited to the hydrogen bonds. The position and the density at the BCP’s are the
same, i.e. with an agreement better than 5-10* A and 107 ¢/A® respectively. The

biggest discrepancy among curvatures is about 2% for A3 in the case of the C=0O double
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bound. For all other curvatures the agreement is better than 0.3%. The kinetic energy
density Gep at the BCP comes from exact expression in TOPOND whereas it is derived
from approximated expression derived by Abramov [30] in the case of InteGriTy. The
Abramov expression is known to present severe limitation in the case of shared
interactions. Its use being helpful mostly in the case of inter-molecular interactions, the
Gcp values are nevertheless given as an indication of its validity. In both cases, the

potential energy density Vcp is derived from the local expression of the Virial theorem

[22]. As expected very good agreement is found for the inter-molecular 0---H BCP’s
where the ratio | A;|/ A3 is far less than one (close shell interaction) [27,30]. The same
kind of observations can be made for the ring (3,+1) and cage (3,+3) critical points
which are not reported here for clarity. It can also be noticed that all the nuclear maxima
(3,-3) CP’s are tractable because of the use of gaussian functions in computing the
density. They can be located within a 0.01A agreement between the two methods and
the CP’s density discrepancy remains below 10%. The CPU time is there in favour of
TOPOND which uses a fully automated CP search with selection of the most
appropriate method: a few seconds are needed for all the atoms whereas systematic

search over the whole grid takes a few minutes.

3.2 Integrated quantities

As mentioned above, all the quantities integrated with the help of InteGriTy that are
given here have been obtained from the total electron density. Table-4 gives the
integrated volume, charge, dipolar moment and eigenvalues of the quadrupolar moment
tensor (cartesian co-ordinate system) for all the atoms. A very good agreement is found.
The net urea molecular charge is 0.012 electron from InteGriTy and 0.003 electron for

the analytical derivation which are both good results. The dipole misalignment between



Journal of Physics and Chemistry of Solids 65 (2004) 1951-1955,
doi:10.1016/j.jpcs.2004.08.006

the two methods is less than one degree, whereas it can reach 15 degrees for the
quadrupolar tensor eigenvectors. Table-5 gives the molecular dipole and the
corresponding crystal enhancement effect. The values are again very close to each other
and compare very well with that of the literature [29]. The basin search and integration
CPU time is truly in favour of InteGriTy, but taking into account the time needed to

build the grid, the two methods are comparable for this small number of atoms.

4. Conclusion

We have shown in this paper that the use of electron densities sampled on 3D grids is
a valuable tool to perform topological analysis and integration of atomic quantities. We
have compared the performances of the newly developed software package InteGriTy
with two other well known program that use analytical expressions of the electron
density to compute the topological properties. The first of them is Newprop, which is
devoted to multipolar expanded experimental densities, and the second one is
TOPOND, which is used for theoretical densities and gaussian basis sets. A very good
overall agreement is found between the different methods. Concerning the critical
points, mesh size of about 0.05A to 0.025A yield excellent results for bond, ring and
cage critical points for all their characteristics. On the other hand nuclear maxima can
be located within 0.01A precision. This can be helpful to study purely numerically
derived densities such in the case of maximum entropy method. The integrated
properties, volume, charge, dipole and quadrupole are also accurately evaluated by the
grid method with a reduced CPU time. It has been shown here that reducing the mesh
size down to 0.025A enables to get accurate atomic charges from the total density. For
integrated atomic charges, a better agreement is found for the comparison with

TOPOND on theoretical data. This may come from both the smaller mesh size adopted
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and the smoother behaviour of the gaussian functions compared to the Slater functions

(cusp condition).
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Table-1 Properties of dihydrogen phosphate intramolecular and intermolecular bond
critical points. The first and the second lines correspond to InteGriTy and Newprop
results respectively. The distances from CP to the corresponding atoms A; and A, are

denoted d; and d, respectively. The ellipticity ¢ is defined as Aj/A; - 1

AI_AZ d1 d2 Pcp }\.1 7\.2 }\.3 Vzpcp €

A A e /A’ e /A’ e/A’

0886 0656 193 -17.13 -1585 +18.00 -1498  0.08
O-P

0887  0.655 193 -17.14 -15.65 +18.11 -14.68  0.09

0988 0251 120 -21.18 -1652 +10.85 -2685 0.8
O-H

0989 0251 120 -21.18 -1729 +10.54 -27.93 022

0988 0251 120 -2051 -17.67 +10.90 -2728  0.16
O-H

0989 0251 120 -21.18 -1729 +10.54 -27.93 022
o-y 1224 0754 019 104 081 +357 +1.72 028
SWON 1 204 0753 019  -1.04 081 4356 +171 028
oy 1575 1064 004 014 012 +087 +0.61 0.5
weak

1.575 1.063 0.04 -0.14  -0.12  +0.87 +0.61 0.15
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Table-2 Integrated atomic volumes and charges in NH4sH,POs.

Atom P O Hp H2P04 A3N HN NH4 Cell

2.19 1828 040 76.11 14.52 3.16 27.15 413.35
Volume

A3
227 1828 039 76.19 1445 315  27.08 413.06

+3.614 -1.590 +0.836 -1.074 -0.865 +0.494 +1.111 0.148
Charge

+3.637 -1.596 +0.839 -1.069 -0.869 +0.496 +1.115 0.184

Table-3 Bond critical points in urea crystal. The second line of each row corresponds to

TOPOND results.

AI_AZ d1 d2 Pcp 7\.1 7\.2 )\.3 Vzpcp |)\.1 |/7\.3 € GCP VCP

A A e /A’ e /A’ e/A’ eV/A® ev/A3

0.4869 0.7741 2.352 -17.46-17.21 +19.39 -15.28 0.90 0.014 71.5 -172.3

C

I
o

0.4874 0.7736 2.352 -17.49-17.25 +19.13 -15.62 091 0.014 51.1 -131.8

0.5415 0.8031 2.015 -14.58 -12.74 +10.46 -16.86 139 0.145 48.9 -129.9

C=N

0.5415 0.8031 2.014 -14.59-12.74 +10.46 -16.86 1.39 0.145 29.2 -90.6

0.7446 0.2648 2.069 -25.99 -24.57 +24.13 -26.44 1.08 0.058 39.9 -130.2

0.7449 0.2645 2.069 -26.00 -24.59 +24.57 -26.52 1.06 0.057 9.7 -69.9

0.7386 0.2664 2.091 -26.06 -24.63 +24.32 -26.37 1.07 0.058 41.3 -132.8

0.7386 0.2664 2.091 -26.17 -24.75 +25.06 -26.51 1.04 0.058 99 -70.4

1.2570

1.2568

0.7353

0.7356

0.150

0.155

-0.92

-0.92

-0.88

-0.88

+4.55

+4.55

-2.74

+2.74

0.20

0.20

0.039

0.039

44 -3.6

4.6 -4.1

1.2734

1.2733

0.7853

0.7854

0.116

0.117

-0.69

-0.69

-0.68

-0.68

+4.03

+4.02

+2.65

+2.65

0.17

0.17

0.015

0.014

4.0 -29

41 -3.1
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Table-4 Integrated atomic quantities of the urea compound. The second line of each row correspo

results. Qi, Q. and Qs are the eigenvalues of the quadrupolar moment tensor.

Atom Volume Charge Dipole Quadrupole
A ¢ eA e-A2
Q. Q. Q
c 5.26 1.673 0.075 -0.441 +0.199 +0.241
5.20 1.676 0.072 -0.437 +0.182 +0.255
o 14.59 -1.134 0.044 -0.156 +0.023 +0.175
14.91 -1.129 0.046 -0.171 +0.040 +0.211
N 17.83 -1.136 0.012 -0.521 +0.158 +0.365
17.61 -1.135 0.011 -0.546 +0.225 +0.321
u 4.27 0.433 0.071 -0.027 -0.021 +0.048
4.26 0.433 0.071 -0.027 -0.022 +0.049
u 4.13 0.427 0.072 -0.023 -0.022 +0.038
4.00 0.427 0.072 -0.022 -0.019 +0.041

Table-5 Molecular dipole in urea crystal (Debye units).

Method Net dipole Crystal effect
InteGriTY 7.19 1.62
TOPOND 7.03 1.89

Ref. [29] 6.68 1.41




