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Abstract—A general procedure, based on the SemiDefinite Re-
laxation (SDR) technique, is presented to solve efficiently a wide
range of difficult (because non-convex) array synthesis problems.
This powerful approximation technique is easy to implement
and the so-approximated problem can then be efficiently solved
using off-the-shelf numerical routines. Examples of shaped beam
and reconfigurable array synthesis are shown to illustrate the
potentialities of the proposed approach.

I. INTRODUCTION

A large number of array synthesis problems (such as
the synthesis of shaped beams or phase-only arrays for in-
stance) are difficult optimization problems because of their
non convexity. In this paper, a general procedure based on
the SemiDefinite Relaxation (SDR) technique is proposed to
approximate in order to solve efficiently such difficult array
synthesis problems. The SDR technique has lately shown a
great significance and relevance on many applications in signal
processing and communications as reviewed in [1]. It has been
recently applied successfully to synthesize phased arrays with
notches in the beam pattern [2], [3].
The main principle of the SDR and the way to apply this pow-
erful and computationally efficient approximation technique to
the synthesis of various antenna array are here detailed.

II. PROBLEM FORMULATION AND RESOLUTION

The far field f(θ) radiated in the direction θ by an antenna
array composed of N elements is the product between the
steering vector a(θ) and the complex (magnitude and phase)
excitation vector w:

f(θ) = a(θ)Hw, (1)

where .H denotes the Hermitian transposition. Let us introduce
the notation fi = f(θi) and ai = a(θi). The real value version
of (1) in the direction θi is then:

[R(fi) I(fi)]T = Ai x, (2)

with Ai =

[
R(aiT ) −I(aiT )
I(aiT ) R(aiT )

]
and x =

[
R(w)
I(w)

]
where Ai ∈ R2×2N , x ∈ R2N×1, .T is the transpose operator,
R and I stands for the real and imaginary parts respectively.
The power radiated by the array is then:∣∣fi∣∣2 = xT Qix, with Qi = AT

i Ai. (3)

Note that in the formulation (3), the power radiated by arbi-
trary arrays, i.e. arrays of any given geometry and composed of
elements with any known radiation patterns, can be considered.

Let us recall that for any real symmetric matrix C and any real
vector x:

xT Cx = Tr(xT Cx) = Tr(CxxT ). (4)

Using (4), the power (3) radiated by the array becomes:∣∣fi∣∣2 = Tr(QiX), with X = xxT ∈ R2N×2N . (5)

At this step, it is important to observe that X = xxT is
equivalent to X being a symmetric positive semidefinite
matrix (denoted X ≽ 0) of rank one (rank(X) = 1).

Let us now consider a typical array synthesis problem in
order to explain the SDR technique. Many synthesis problems
amount to look for the array excitations x such that the
power radiated by the array is constrained or equivalently |fi|2
belongs to a set Ci for the directions i = 1, ..., I:

find x such that
∣∣fi∣∣2 ∈ Ci =


∣∣fi∣∣2 ≤ ui, i = 1, ..., I1∣∣fi∣∣2 ≥ li, i = 1, ..., I2∣∣fi∣∣2 = di, i = 1, ..., I3

(6)

With (4) and (5), the problem (6) is equivalent to:

find X such that
{

Tr(QiX) ∈ Ci, for i = 1, ..., I
X ≽ 0 and rank(X) = 1

. (7)

By dropping the non-convex rank constraint, we obtain an
approximation of (7) that is called SemiDefinite Relaxation
(SDR) since it is an instance of semidefinite programming.
The SDR formulation is convenient because it can be solved
optimally by readily available software such as CVX [4].
The main issue is then to transform the globally optimal
solution X∗ of the SDR into a feasible point x̃ of the original
synthesis problem (6). If rank(X∗) = 1, then X∗ = x∗x∗T

and x∗ is not only a feasible point but also the optimal
solution of (6). In general, the solution X∗ of the SDR is
such as rank(X∗) > 1. In that case, we take the best rank-one
approximation (in the least two norm sense) X∗

1 of X∗. It can
be obtained via an eigenvalue decomposition [6] as follows:

X∗
1 = σ1u1u1

T , (8)

where σ1 is the largest eigenvalue of X∗ and u1 is the
corresponding eigenvector. The vector x̃ =

√
σ1u1 is then a

potential solution of (6) provided that it is a feasible solution.
Note that there are many efficient techniques to foster low-
rank solutions as reviewed in [5] and thereby induce that the



solution X∗
1 is very close to X∗.

Finally, it is important to point out that even though the
extracted solution x̃ is feasible for (6), there is no guarantee
that it is an optimal solution. For otherwise, it would mean
that we have solved a NP-hard problem in a polynomial time.

III. NUMERICAL APPLICATIONS

A. Shaped Beam Synthesis

The synthesis of a cosecant beam with a linear array
composed of 30 isotropic elements that are half wavelength
spaced is considered. An heuristic procedure (tabu search
algorithm) has been used to find the array excitations in [7].
The proposed approach also manages to find a solution that
satisfies this stringent far field template. The far field patterns
and array element excitations are plotted in Fig. 1.
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Fig. 1. Cosecant beam synthesis of a 30 element linear array.

B. Synthesis of Reconfigurable Array by Phase-Only Control

We consider an example of reconfigurable array synthesis
that is presented in [8]. The goal is to determine the complex
excitations of a linear equispaced array composed of 20 half
wavelength spaced isotropic elements. By only changing the
phases of the excitations, the pattern radiated by the array
must switch from a focused to a shaped sectoral beam and
vice versa.
The synthesized far field patterns and array element excita-
tions are plotted in Fig. 2. The proposed approach allows
to determine at once (in less than 30 s on a standard laptop)
both the common excitation magnitudes and different phases
to generate the focused and shaped beam patterns.

More details about how to apply the SDR to array synthesis
problems and additional applications examples can be found
in [9].
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Fig. 2. Synthesis results of reconfigurable array by phase only control.
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