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Abstract: The focusing capabilities of an inward cylindrical travel-
ing wave aperture distribution and the non-diffractive dgbur of its
radiated field are analyzed. The wave dynamics of the infiagerture
radiated field is clearly unveiled by means of closed formresggions,
based on incomplete Hankel functions, and their ray in&tgtion. The
non-diffractive behaviour is also confirmed for finite apees up to a
defined limited range. A radial waveguide made by metallatiggs over
a ground plane and fed by a coaxial feed is used to validatesriaatly
the analytical results. The proposed system and accuratgsis of non-
diffractive Bessel beams launched by inward waves openspgartunities
for planar, low profile beam generators at microwaves, Tataland optics.
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1. Introduction

The spreading of the transverse profile of a propagating igae@ all-present phenomenon
known as diffraction. The possibility to limit diffractiogpreading over a limited region has
been an interesting area of research since the introdustttbe so-called non-diffractive Bessel
beams [1]. Ideal Bessel beams are solutions to the scala a@vation that remain confined
and do not undergo diffractive spreading but carry infinievpr, therefore being nonphysical.
Several approaches have been proposed to experimentallyaje Bessel beams over finite
apertures achieving a non-diffractive behaviour in a Editlistance known as non-diffractive
range [2]-[8]. During the years, other invariant soluti@mishe Helmholtz equation have been
also proposed and generalized to the polychromatic cagé&(9]In addition a series of works
[9]-[16] have also highlighted the fact that Bessel beanescgtindrical standing waves gen-
erated by the interference of two cylindrical traveling wayor Hankel beams, one traveling
outward and the other inward over the radiating aperture.cimbination of the two traveling
waves is generally obtained on a small frequency band regulft a resonant aperture field dis-
tribution [12]. The properties of ideal Bessel beams ard esthblished in literature. However,
few works have been focusing on their composing cylinditi@aleling waves [10] and relative
non-diffractive behaviour [11].

Here, the field radiated by inward cylindrical waves travglover a radiating infinite aper-
ture is expressed in terms of incomplete Hankel functiohe fadiated field is split into two
main contributions: Geometrical Optics (GO) and Space W&W) arising at the aperture
center. Closed form expressions clearly show that the G@ibation creates a non-diffractive
Bessel beam radiation close to the axis of symmetry of themgeing aperture, where the SW is
negligible. Therefore, non-diffractive radiation is natygenerated by resonant apertures hav-
ing a Bessel-like distribution given by a combination of and and outward cylindrical waves,
thus simplifying the beam generator synthesis. In contifastcase of outward cylindrical wave
infinite aperture distribution is also treated by showingttihcannot provide a non-diffractive
beam generation. The finite aperture case is then consifteraad inward aperture illumination,
showing that the non-diffractive Bessel beam is still gatent within a given a non-diffractive
range, as it happens for finite size Bessel distributiomslfji, to implement the proposed con-
cept, a radial waveguide loaded by metallic gratings andbfe@ coaxial feed is used as a
beam generator device with an inward cylindrical apertus&idution at microwave frequen-
cies. The coaxial feed within the radial waveguide launaresutward cylindrical wave. The
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Fig. 1. Schematic view of the considered configuration. Trextarre field distribution is a cylin-
drical inward wave with radial propagation constkgy. The non-diffractive zone is limited by
the cone with anglé, = sin ! (kya/k), wherek is the free space wavenumber.

position and size of the metallic gratings are properly eno® sample the outward feeding
wave launched by the feed for synthesizing the requirediidwaperture distribution.

Note that this structure is different from the one propose{bi, where an incident field
generated by an external horn antenna was used to illunarstbwavelength annular aperture
on the back side of a radial waveguide loaded with metallatiggs of same size and peri-
odically placed over the aperture. The presented appraadhé analysis and generation of
non-diffractive Bessel beams and the proposed simpletateimay find several applications
in optics and at radio frequencies [5] or for the generatitsuoface plasmon polaritons [17].

2. Analytical derivation: infinite case

The geometry of the problem is shown in Fig. 1. The origin & thference system is at the
aperture center with theaxis normal to the aperture. For the sake of convenienealtiser-
vation point is expressed either in cylindrical, (¢, 2 or in spherical (, 8, ¢) coordinates;
vectors are bold and a hat denotes a unit vector. In the follp@iscussion, Transverse Mag-
netic (TM) modes with respect to ttredirection will only be considered. However, a similar
procedure can be applied to Transverse Electric (TE) modiesnward cylindrical wave is
assumed for the tangential electric field on the radiatirgrtape:E:(p, ¢,z=0) = E(p,z=
0)p= H{l)(kpap)i). Atime dependenag®, w = 27tf being the angular frequency, is assumed
and suppressed. The electric field radiated by the apedgigen by [18]

1+ [k a N i

€02 = gl {k_ZHcSZ)(ka)ZﬂLJHfZ)(ka)P E(kp)e Mok, (1)
. [t
Ei(ko) = —2r1] A E(p,z=0)Ji(kop)pdp, (2)

wherek,, andk; = , /k? — k,% are the transverse and longitudinal spectral varialdes,the

wavenumber in free space, wherda§ and Hrgi)() are then-th order Bessel and Hankel func-
tions of thei-th kind, respectively. Equation (2) is the Hankel-tramsfof the tangential field
distribution over the aperture and, for the assumed inwgliddrical wave distribution, it is
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Fig. 2. Ray interpretation of the GO field for an infinite apeet (a) Inward Hankel aperture
distribution: the GO field comprises an inward Hankel beayn(ina red), present throughout
the space, and an outward Hankel beam ray (in green) boundittithe coné® < 6,; the
superposition of the two rays inside the cone (yellow aredtes a Bessel beam. (b) Outward
Hankel aperture distribution: the GO field comprises onlyoaitward Hankel beam ray (in
green) bounded outside the cafies 6,.

given by
—4ko

Ei(kp) = 1717
)= e 1)
After some mathematical manipulations (refer to the Appefa more details), the radiated
field is exactly expressed as the superposition of the GO svid@htributions

(3)

E(r) =E®9(r) + ES™(r), (4)
with
k R n .
E) = 2|4 hlkpap)2+ dllpap)p | & KUEn - 6)
k R " .
- [ﬁHé”(kpamH Hi”(kpap)p} e e2U(6 - 6,), (5)
SW _ kpa — (2) —\a— iKzaZ (2 "\ alkzaZ | 5
EN(r) =~ [s0rtwg )HY? (e g )& Ko HG? (pap, w5 )] 2
— [sortwg Hi? (kpap [wg )&+ H{? (kpap, w5 &2 p
2 efjkr
—- Z2-+cotf
s p)
2sind g Ikr

(6)

jTKpa(COS B —COSB,) 1 9,

with kzg = ,/kz—k,%a denoting the Bessel beam normal propagation constant. Jn (6

H,ﬁ')(Q,wo) are then-th order incomplete Hankel functions ith kind with the second argu-
mentwg = tanh * cosf - tanh * cosBs, [19], whereas sgi) and U)) are the sign and Heaviside
step function, respectively.

The GO contribution exhibits the well-known Bessel beanpghdirst term in (5)) within
the conef < 6, whereU (8, — 6) = 1, whereas becomes an inward Hankel beam outside such
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Fig. 3. Electric field radiated by an infinite apertuig;| (1 column), |E,| (2" column) and
total electric field amplitud¢E| (3" column). Standard Bessel beam reference fiettr(w),
field radiated by an inward Hankel distribution"f2ow), and field radiated by an outward
Hankel distribution (3' row). The axes are normalized with respect to the wavelegigtiat
the operating frequencl. The dashed line marks the GO bound@ry 6,

a cone wheré&J (6, — 6) = 0. By considering the Bessel function as the superpositidwo

Hankel functions 2, = Hrgl) + H,@, GO is interpreted as the superposition of two ray contribu-
tions; namely, an inward Hankel beam conical wave is aststia a ray arising from a point
on the aperture, and an outward Hankel beam conical waveiatsib to a ray arising from a
point on the aperture which is diametrally opposite withpees to the observation point. In-
deed, the launched inward conical wave becomes an outwaidatevave beyond the caustic
at the z-axis. While the former ray reaches the observatiamt pegardless its location, the lat-
ter exists only when observing inside the cdhe 6; (Fig. 2a). At the GO discontinuity cone
6 = 6,, the SW contribution (6) exhibits an opposite abrupt disicwity which renders the
total field smooth and continuous. Such a transitional biehavs described by the sign and
incomplete Hankel functions whew, — 0. Outside the transition region near the discontinuity
cone, the SW contribution exhibits a ray-optical behavighich is derived from the asymp-
totic expression of incomplete Hankel functions for largguaents [19], and reported in the
last line of (6). Indeed, the SW is a transverse (iBepolarized) spherical wave associated to
a ray launched at the aperture center (origin of the referepstem in Fig.1), with a radiation
null on the aperture symmetry ax@s= 0.
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Fig. 4. Electric field radiated by an finite aperture with tedofa = 7A. |E;| (1% column),
|E,| (2" column) and total electric field amplitudE| (3" column). Standard Bessel beam
reference field (¥ row), and field radiated by an inward Hankel distributioff(@w). The axes
are normalized with respect to the wavelengdthdt the operating frequendy The dashed line
marks the GO boundaries.

As an example, Fig.3 shows the amplitude of #{&st column) ando (2" column) compo-
nents and the total electric field'¢Zolumn) radiated by an inward cylindrical waveé'¢2ow)
with kpa = 0.6k in the verticakz— p plane. As clear from the previous results, the non diffracti
behaviour of the radiated field can be appreciated withirctiree with angled; ~ 37° (dotted
line) where the various components of the electric field vecthe respective components of a
standard Bessel beant(tow).

On the other hand, by repeating the same formulation for #ise of an outward traveling
wave over the radiating apertugg(p, ,z=0) = Hf) (koap)p, the radiated field is found again
as in Eg. (4) with the following expression for the GO conitibn

ESO(r) = }(kﬁHéz)(kpap)iJr H? (kpap)p | € 22U (0 — 65), (7)
Za

and a SW contribution which is the negative of that in (6).7h @ifferently from (5), the GO
field contribution is constituted by only a single outwardnikel beam conical wave, which
however vanishes within the cone delimited ®y 6,. Its ray interpretation is shown in Fig.
2h. Again, the SW contribution discontinuity perfectly wias the GO jump at the shadow
boundary cone, thus providing a smooth continuous total.fieherefore, it is apparent that an
outward Hankel distribution cannot produce a Bessel bearalsa clear from Fig.3c.

3. Finite case

Once established the capabilities of generating a nonadiff’e wave for theoretical infinite
apertures, the field radiated by a finite aperture with an idwsglindrical traveling wave dis-
tribution has been then considered for assessing the gahfifiite case. Equation (1) is still



Fig. 5. Ray interpretation of the GO field for an finite apesturhe dashed lines indicated the
GO boundaries. The GO contribution is limited in a trianguésyion with a side corresponding
to the finite aperture. The GO field comprises an inward Habkelm ray (in red), present
throughout this triangular region, and an outward Hankehbeay (in green) bounded inside
the coneb < 6;; the superposition of the two rays creates a Bessel beauteiaszone with
rhomboidal cross section (yellow area).

valid once the Hankel-transform of the tangential field rifisition over the finite aperture is
considered:

_ - k
Ei(ky) = ﬁ [kj” + g—a (kail)(kpaa)Jo(k,,a) — KpaHY (kpaa)Jl(kpa))] RG:)
5~ Kpa LKpa 4]
Since for the finite aperture case a closed form field expyadsinot available, the electric
field is then evaluated numerically through (1). As an exanible field map for an aperture of
radiusa = 7A (refer to Fig. 1) is shown in Fig. 4. Analogously to Fig.Z3p components and
total electric field are arranged in th& 2", and 39 column, respectively; while the results for
a Bessel, and inward Hankel aperture distributions aregesin the &, 29 row, respectively.
In both case, is equal to B6k. In the present finite case additional GO shadow boundaries
(dotted lines) arise from the aperture rim and limit the G@tadbution in a conical region
above the aperture with vertex on the z-axis at a distaneeacotf, ~ 9.33A, as shown in
Fig. 5; hence the non-diffractive behaviour is limited ugtis distance for both the reference
Bessel [1] and the inward Hankel distributions. In the latise the Bessel beam is generated
in the region between the two conical boundaries which atshéibrhomboidal cross section, in
contrast to the well known triangular cross section of tlierence case.

Slot Oi W Slot o Wi
[mm] [mm] [mm] [mm]

1 1.5 0.55 7 110 2.3
2 29.8 0.94 8 1265 2.6
3 457 1.1 9 143 3
4 61.5 1.5 10 | 1595 35
5 76.4 1.2 11 | 1754 3.8
6 94.1 3 12 | 192.4 4

Table 1. Geometrical sizes of the Bessel beam launchealnaoisitions f;) and widths ;) of
the annular slots.
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Fig. 6. Radial waveguide loaded with metallic gratings aedilfy a coaxial fed.
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Fig. 7. Electric field radiated by the launcher prototype ig. B, calculated using COMSOL
Multiphysics. From left to right|E;|, |E,| and|E|. The axes are normalized with respect to the
wavelength }) at the operating frequendy The dashed line marks the GO boundaries and the
dotted line refers to the field scan shown in Fig. 8.

However the depth of focus of the two distributions, i.e tba-diffractive range, is the same,
and the shape of the realized beam close to the z-axis is weitgus This demonstrates that the
capability of an inward Hankel aperture distribution ofrighing a Bessel beam is practically
equivalent to that of the standard Bessel distribution.

4. Proposed structure: radial waveguide loaded with metalt gratings

The practical implementation of a Bessel beam launcheékpy an inward traveling wave
aperture distribution, is shown in Fig. 6. The structure eden by a parallel-plate waveguide
(PPW) with annular slots etched on the top plate (Fig. 6). &x@l feed at the center excites
an outward cylindrical radial wave inside the PPW. An in-b®Method of Moments (MoM)
and the design procedure proposed in [8], [20], [21] was useigilor the tangential field
distribution over the top plate in the shape of an inwardndydical wave. This is accomplished
by controlling the positions along the radial directigrand sizesv; of the circular slots (refer
to Fig. 6). Indeed, slots are positioned at those points @tier phase of the outward cylindrical
feeding wave inside the PPW matches that of the target ineydirttirical aperture distribution,
according to an holographic criterion. The slot width isdit® modulate the amplitude of the
aperture distribution. In addition the design proceduseieess that the total energy launched by
the coaxial feed in the PPW is radiated, thus avoiding anyieps radiation by the edges of
the structure. The geometrical details of the structurg@eseided in Table 1.
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Fig. 8. NormalizedE;| component of the electric field at= 4.667A for the structure in
Fig. 6 simulated with COMSOL Multiphysics. The field radidtsy a truncated inward Hankel
distribution is shown for comparison.

COMSOL Multiphysics has been used to analyze the struckiedd maps of the electric
field above the launcher are shown in Fig. 7, which are foumg sienilar to their theoretical
counterparts in Fig. 4. To allow a clearer quantitative cargmn, we also show in Fig. 8 the
E, component of the electric field at the distarce 4.667A from the aperture, correspond-
ing to the maximum transverse extension of the rhomboidabrewhere the Bessel beam is
created (dashed line in Fig. 7), compared to the ideal ttedda = 7A) inward Hankel aper-
ture distribution. The good agreement reveals the accuwhttye launcher design. It is worth
noting that the traveling nature of the synthesized apeudistribution guarantees a wide-band
operation as a difference with resonant Bessel designglfZ],[15].

5. Conclusion

In this letter, we have shown that Bessel beams can be cregptedliating apertures taking on
tangential inward Hankel distributions. The non-diffimetbehaviour of such Hankel beams
have been investigated theoretically by evaluating the @@ %W field contributions to the
total radiated field. In particular, incomplete Hankel ftions have been adopted to represent
in closed form the SW term. Finally, a Bessel beam launchsedan an inward Hankel dis-
tribution was designed to further validate the proposedt&ni. Future work will consider an
experimental validation of the proposed structure in théimeter wave range. The proposed
solution for generating non-diffractive Bessel beams may éipplication in areas such as near-
field communication, radiometry, and non-destructive @atbn.

Appendix

As first step we consider an outward aperture cylindrical evdistributionE;(p,z= 0) =
Hf) (koap). Equation (1) is recast in the following form

, 02\, 0%
in which the electric field is obtained in terms of a Transedviagnetic (TM) scalar potential
B B DN P
S0 = 5 [, Elk)H (kop) S —dlk. (A2)

The Hankel-transform of the tangential field distributioreothe aperture for the assumed
outward cylindrical wave is the negative of the one in (3).eypressing the poles & (ky) in



an integral form

k2 1k2 2J]l; (/ eJ(kZ Kza) Zdz / eJ (kz+kza) Zd() (A3)
Za

after interchanging the order of the integrals, the spekpdntegral is closed analytically by
means of

K —jky/p2+2
/ 1 L HP (kop)erdiy = —— (A4)
21) w 4j k; am\/p?+ 22
resulting in the spatial representation
jky/p?+(z —iky/p?+(z-0)?
S(r) = 4 / g Jkzal € Z / glkzal e dZ|. (A5)
I(pakza 47T p2+ 4m\/p?+(z—{)?

Finally, the change of integration variable

1z C 1 [ Kza
w = sinh (T>$tanh (T) (A6)

is used with the upper/lower sign in the first/second integfgA5), so that the TM scalar
potential reduces to

S() = 2 [H O g )& 2 — P (kg g )] (A7)
j TKpakza
namely the sum of two zero order, second kind incomplete Eigfakctions [19]

HP Qo) = L [ e iocoshugy, (A8)

TT Jwy

whose second arguments are
wg = tanh tcosf +tanh * cos,, (A9)

with sinB; = Kpa/k and co$a = kza/k. In the case of an inward cylindrical wave distribution
the tangential aperture field can be representel @s,z= 0) = Hin(kpap) = 2J1(koap) —

Hf)(kpap). By noting that the Bessel aperture distribution simplyiaises a Bessel beam and
by using (A7), it is straightforward to derive the scalarquutal as

N 2 o 2 )
230(Kpaps Wy )& ke — Hy )(kpap,wo Yo ke H(() >(kpapvwar)elkza2:| .

(A10)
Now, since®, 6, € [0, 11/2], thenwj > 0 and the second incomplete Hankel function is asymp-
totically dominated only by its end-point contribution fany observation point. The same
holds for the first incomplete Hankel function only when atvégg for 6 < 6, andw, > 0.
Conversely, whel > 6,, thenw, < 0 and the firstincomplete Hankel function asymptotically
comprises also a saddle point contribution. To isolate suatntribution one can exploit [19]

1
N=-———
Sr) j TKpakza

Hy? (Q,wo) = HY? (Q)U (wo) + sgriwo)Hy (2. [wol).wo € R (A11)

and rearrange the expression for the scalar poteé®talthe sum of a GO and a SW contribu-
tions

S(r) = SBO(r) 4+ SW(r), (A12)



with

1 .
SBO(r) = T [2Jo(kpap)u (6a—0) +HSY (Kpap)U (8 — ea)} e Jkeaz, (A13)
Z
SWiy — _ — H(2> k — *szaZ_H(2> K +\ alkzaz Ald
(r) - |Sgnwy )Hg ™ (Koap, [Wy | )€ o (Koap, Wy )e . (Al4)
jKpakza

It is worth noting that although (A10) is already an exact pawt closed form for the potential,
its exact rearrangementin (A12) better highlights the wanrestituents of the total field. Indeed
the GO contribution is asymptotically dominated only by saeldle point, whereas the SW is
asymptotically dominated only by the end point at any olestom aspect. As a matter of fact,
the non-uniform asymptotic expression [19]

e jQcoshwg

2
Hé )(Q,WO) ~ M7(

Q — 00, wp > 0) (A15)

reveals the spherical wave nature of the SW arising for tleetape center (spatial end point)

2 efjkr
"~ ri3sinBa (co 0 —coR6,) T

) , (Kpap — 0,6 7 6a). (A16)

A transition region around the shadow boundar@at 6, is present, where the non-uniform
asymptotic expression (A16) fails. By differentiating thiel potential according to (Al), the
electric field expressions (4)-(6) are finally obtained. Baene calculations can be repeated
for the field radiated by an infinite aperture distributiokitg on an outward Hankel function
using the scalar potential in (A7), obtaining the resultih (
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