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Computation of Hindrance Factor of diffusion for nanoconfined ions: 

Molecular Dynamic Simulations versus Continuum-based models 

We report the self-diffusion coefficients and hindrance factor of diffusion of ions 

into cylindrical silica nanopores. We compare with the hindered diffusion 

coefficients used in continuum-based models of NF. Hindrance factors for 

diffusion estimated from the macroscopic hydrodynamic theory were found to be 

in fair quantitative agreement with MD simulations for a protonated pore but they 

strongly overestimate diffusion inside a deprotonated pore. 

Keywords: MD simulations; self-diffusion; Continuum-based models; 

nanofiltration 

1. Introduction 

Membrane separation processes are a class of clean processes which fit to sustainable 

growth and allow lowering significantly the volume of liquid waste generated in a 

global process compared to conventional technologies (i.e., distillation, crystallization, 

adsorption...). They have been becoming increasingly widespread in water treatment 

and wastewater reclamation and reuse applications [1-4]. Among all the membrane 

separation processes in liquid phase, nanofiltration (NF) is the latest one developed. 

Thanks to the significant improvements performed in research and development of 

membrane materials over the last decade, NF has today the power to solve many 

separation problems in an economically viable way. This promising technique has 

attracted increasing attention over recent years and it has already found applications in a 

variety of industrial sectors (e.g. dairy industry, textile industry, plating industry…). 

Although NF membranes have received much attention from both academy and 

industry and many methods have been proposed to characterize NF membranes in order 

to obtain structural parameters, the transport mechanisms of solutes (especially charged 

solutes) through NF membranes are not fully understood [5]. The major reason is that 



the physical phenomena involved in the separation process by nanoporous membranes 

like those used in NF are still poorly understood. Until now, separation properties of 

nanofiltration membranes have been investigated only from macroscopic / mesoscopic 

approaches [6-8]. Although microscopic modeling is likely to give a more realistic 

description of transport through nanopores, few work using molecular approaches like 

molecular dynamic (MD) simulations to investigate the separation properties of NF 

membranes has been reported yet. There are basically three reasons for this: (1) NF 

membranes have a very complex structure and little is known about their detailed 

atomic structure [9] (unlike biological ion channels, the complex structure of which is 

now established with atomic resolution [10]); (2) The length of NF membrane pores lies 

most often within the range 100 nm – 1 m, and the current computer performances do 

not make possible the investigation of so large systems; (3) According to the usual 

volume fluxes measured experimentally with NF membranes (i.e., 50-100 L h
-1

 m
-2

), the 

characteristic time scale of ion passage through these materials is close to the 

millisecond, that is far beyond the current simulation times available from all-atom 

simulations. In spite of these limitations, molecular simulations are still attractive tools 

to get insight into nanoscale phenomena. In this work, MD simulations have been 

performed to investigate the dynamics properties of various aqueous electrolyte 

solutions (e.g. NaCl, NaI, MgCl2, BaCl2) and pure water confined in silica hydrophilic 

nanopores. Hindered diffusion inside nanopores has been also determined from the 

(macroscopic) hydrodynamic theory and compared to molecular simulations. 

 

 



2. Models 

We considered a silica nanopore to get a hydrophobic cylindrical internal surface and 

easily functionalizable. We derived an atomic description of the silicate starting from an 

equilibrium structure of amorphous silica within a cubic cell of 36 Å provided by Vink and 

Barkema [11]. Then, we applied a procedure proposed by Bródka and Zerda [12] to 

consider a realistic porosity within the amorphous silica. We first generated a cavity along 

the z axis of the silica cell by removing the atoms within a cylinder of diameter (D) 24 Å. 

From their coordination numbers, we distinguished bridging oxygens (Ob) bonded to two 

silicon atoms from nonbridging oxygens (Onb) bonded to only one silicon and bonded to 

one hydrogen atom (Hnb). An iterative procedure of atom (O and Si) removal was applied 

until only tetra-coordinated silicon atoms, bonded to a maximum of two Onb’s, were 

present in the structure. Finally, nonbridging oxygens were saturated with hydrogen atoms 

to form surface hydroxyl groups. Although the silica matrix was subsequently kept rigid, 

rotation around the Si-O bond of the hydroxyl groups was allowed from the SHAKE 

constraints algorithm [13]. This procedure leads to a realistic description of the irregular 

inner surface of the porous silicate and of the interfacial interactions between the fluid and 

the matrix. The inner surface coverage of silanol groups was about 7.5 nm
-2

, which is 

correspond to highly hydrated protonated silica pore (see figure 1) [12, 14]. The high 

density of silanol groups was further be used to generate a deprotonated pore by removing 

protons of all the SiOH groups at the pore surface. Partial charges of the deprotoned matrix 

have been determined by a redistributing of the total residual charge on the framework’s 

atoms and the partial charges are given in Table 1. This has been compared charges 

extracted with a first-principles calculation. For this, a combination of the Becke exchange 

plus Lee-Yang-Parr correlation functional and all-electron core potentials have been used. 

Additionally, the double- numerical polarization (DNP) basis set was adopted to account 



the d-type into heavier atoms and p-type polarization into hydrogen atoms. This basis is 

similar to the 6-31G (d,p) Gaussian-type basis set. To evaluate the charges we calculated 

the Mulliken population analysis. 2-4 % as difference was found between the both 

calculations. Although the charge density of NF membranes is expected to be much 

smaller, considering a strongly charged nanopore allows an easier comparison with the 

results obtained for a protonated nanopore (i.e., uncharged nanopore). The charges and the 

Lennard-Jones parameters of the different sites are summarized in Table 1.  

Figure 1.  Description of a protonated silica nanopore. Red indicates the oxygen atoms. 

The hydrogen positions are in white. Yellow are the silicon atoms. 

 

 

 

 



 q (e) 

(protonated) 

q (e) 

(deprotonated) 

 (Å)  (kJ mol
-1

) 

Hnb 0.206  0.000 0.000 

Ob -0.6361 -0.6139 3.000 1.622 

Onb -0.5325 -0.5102 2.700 1.622 

Si 1.2763 1.2986 0.000 0.000 

HOSi 0.2065 0.2288 0.000 0.000 

OSi -0.5325 -0.5102 3.000 1.622 

HOb 0.2065 0.2288 0.000 0.000 

Table 1. Charges and Lennard-Jones parameters of silica nanopore [15]. Description of 

labels is given in figure 1. 

 

As the polarizability of water molecules does not impact the ion density in the 

interfacial region [16] we considered here the non-polarizable TIP4P/2005 water model.  

This has been found to provide an impressive performance for a variety of physical 

properties [17]. In addition, the induced electronic polarization is known to be critical in 

the study of ion channels [18-20].  

 

Figure 2. Scheme of core-shell model . 



In order to consider the ion polarization, we opted for the core-shell model [21] 

accounting for the induced polarization. This model accounts fairly well for induced 

polarization with limited computational cost in contrast to the induced dipole model [22] 

and fluctuation charge model [23] and gives the high explored length and time scales 

[24]. It should be stressed that the core-shell approach has never been applied to 

nanoconfined fluids yet. In core-shell model a polarizable atom is represented by a 

massive core and massless shell, connected by a harmonic spring W (see figure 2). The 

core and shell carry different electric charges, the sum of which equals the charge on the 

original atom. Thus, this ion model comprises two sites: 

(1) A Drude particle attached to the ion and carrying a charge ion

Dq . 

(2) The ion core carrying a charge of ion

D

ion qq  . Both particles are coulombically 

screened from each other and only interact via a harmonic restoring force, 

 

     2

2

1
cscs

shellcore rkU                                (1) 

 

where csr is the distance between the core and shell and kcs is the force constant of the 

harmonic spring which is set to 4180 kJ mol
-1

 Å
-2

 for all Drude oscillators in the system 

[Yu et al., 2010]. All atomic dispersion and electronic overlap effects are represented in 

a pairwise additive way using the Lennard-Jones potential. The core repulsion and van 

der Waals dispersive interactions are modeled by a Lennard-Jones interaction between 

the water oxygen and the ion core atom via the Lorentz-Berthelot combination rule. 

Lennard-Jones parameters and ions charges for both cations and anions can be found in 

Table 2. 

 



 ionq (e) ion

Dq (e)  (Å)  (kJ mol
-1

) 

Na
+
 +1 -0.6876 2.9234 0.1319 

Mg
2+

 +2 -0.4752 2.2528 0.2093 

Ba
2+

 +2 -2.1675 3.1435 2.5121 

Cl
-
 -1 -3.4572 4.9622 0.3013 

I
-
 -1 -4.7331 5.5159 0.8727 

Table 2. Charges and Lennard-Jones parameters for ions [21] 

3. Computational procedure 

Investigating ion transport across nanopores like those of NF membranes implies 

developing a new modelling route to compute the correct liquid density inside 

nanopores. Indeed, usual methods applied in the gas phase, such as Grand Canonical 

Monte Carlo (GCMC) simulations, are unsuitable in the liquid phase given the high 

density of liquids. Indeed, in the liquid state, the chemical potential must be computed 

explicitly and standard techniques, like the insertion of ghost particles [25], become 

unsuitable because of the high probability of particle overlap (or they require excessive 

computational time). To overcome these difficulties, the confinement effects have been 

studied from Isothermal-Isosurface-Isobaric statistical ensemble which has been shown 

to be an efficient alternative method to Grand Canonical Monte Carlo (GCMC) 

simulations [26]. We considered an explicit Solid (S)/Liquid (L) interface where the 

volume of the porous framework is kept constant and the liquid density fluctuations are 

controlled by a unidirectional barostat. To build the external S/L interface we added two 

reservoirs of liquids surrounding the framework along the z axis (see figure 3 (a)). Thus, 

the modeled channel has two pore openings and its length is finite. 



The molecular dynamics simulations of aqueous electrolyte solutions were 

performed in the isothermal-isosurface-isobaric statistical ensemble using the 

Berendsen’s barostat with periodic boundary conditions at 298 K. Dynamic of core shell 

particles was carried out using the Fincham’s adiabatic shell dynamic [27].We set up 

our simulation box (see figure 2 (b)) in the x, y, z directions of 35.5, 35.5, 141 Å. All 

systems studied consisted of 4000 water molecules, a certain number of atoms for the 

pore and different types and numbers of ions. Table 3 shows the numbers of ions added 

in two reservoirs (see figure 3) and the corresponding salt concentrations. The Lennard-

Jones interactions were cut off at 12 Å and the electrostatic interactions were computed 

from  Ewald summation. The equations of motion were integrated using the velocity 

Verlet algorithm [28] with a time step of 1 fs. Data analysis was performed for the last 2 

ns of simulations after 5-8 ns of equilibration. All simulations have been carried out 

from the modified DL-POLY package [29]. 

 

Figure 3. (a) Snapshot of the silica nanopore (b) Schematic representation of the silica 

pore with two reservoirs. 

 



 

Table 3. Number of ions and their corresponding concentrations in each simulation. 

4. Results and discussion 

Self-diffusion coefficient (Ds) of water may be calculated from correlation functions, by 

means of Einstein relation [30]: 

 

dt

d
D

t
S

MSD

2

1
lim


       (2) 

 

where  is the dimensionality of the system (i.e.,  = 1 if diffusion is considered along 

a single direction,  = 2 for diffusion in a plane and = 3 for the overall diffusion 

through the sample volume) and MSD stands for the mean square displacement defined 

as, 
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where )(i tr denotes the position of a particle i at time t, N represents here the number of 

diffusing particles and <…> the average ensemble. 

Figure 4 shows the variation of the MSD of water molecules with respect to the 

time for water in the bulk phase and confined inside the protonated silica nanopore. 

Equation (2) leads to 2.30x10
-9

 m
2
 s

-1
 for the self-diffusion coefficient of water 

molecules in bulk phase, which is in excellent agreement with the experimental value of 

2.27x10
-9

 m
2
 s

-1
 reported by Gillen et al. [31]. 

 

Figure 4. Means square displacement (MSD) with respect to the time for bulk and 

confined water molecules. 

 

The overall self-diffusion coefficient for water inside the nanopore is much 

smaller than the bulk value and is found to be 0.42x10
-9

 m
2
 s

-1
, i.e., it is reduced by 

more than a factor 5 with respect to the bulk self-diffusivity. This result is in qualitative 

agreement with recent MD simulations performed by Cazade et al. who showed that the 



self-diffusion coefficient of water is smaller inside carbon nanotubes (CNT) than in the 

bulk phase [32]. However, these authors obtained a diffusivity ratio (confined / 

unconfined) close to 0.6 with a CNT of 3 nm in diameter whereas we observed a much 

stronger effect of confinement with the silica nanopore since in our case the self-

diffusivity ratio between confined and bulk phases is less than 0.2. Although the smaller 

diameter of the silica nanopore under consideration in this work contributes to the 

stronger effect of confinement, the strong interaction between water molecules and the 

hydrophilic surface of the nanopore contributes significantly to the dramatic decrease in 

water diffusion as well. Indeed, in the case of hydrophobic materials like CNTs, two 

different phenomena having opposite effects are expected to affect water diffusivity. On 

one hand, the confinement effect related to the finite size of both the CNT and the 

diffusing particles hinders diffusion but, on the other hand, the weak attraction between 

water and CNT leads to faster diffusion of water with little resistance [33]. It can be 

underlined that simulations performed by Cazade et al. suggest that confinement effect 

in CNT is predominant. 

The overall self-diffusion coefficients of both Na
+
 and Cl

-
 ions in bulk phase 

computed from Equation (2) for NaCl solutions at various concentrations are shown in 

Table 4 

 

 
NabSD , (m

2
 s

-1
) ClbSD , (m

2
 s

-1
) 

NaCl 0.1 M 1.02x10
-9

 1.47x10
-9

 

NaCl 0.5 M 1.09x10
-9

 1.56x10
-9

 

NaCl 1 M 1.05x10
-9

 1.49x10
-9

 

Table 4. Self-diffusion coefficients (DS,b) of Na
+
 and Cl

-
 ions in bulk NaCl solutions at 

various concentrations inferred from MD simulations and Equation (1). 



 Self diffusivities of both ions are in good agreement with MD simulations 

published in the literature (note also the nice agreement with the experimental value of 

1.66x10
-9

 m
2
 s

-1
 for Cl

-
 ions in a 1 M NaCl solution [34]). For example, the self 

diffusion coefficients of Na
+
 and Cl

-
 in a molar NaCl solution were found to be: 

  bNaS
D

,
= 1.18 x10

-9
 m

2
 s

-1
 and bClS

D
,

= 1.48 x10
-9

 m
2
 s

-1
 with the SPC water 

model [35] 

 bNaS
D

,
= 1.1 x10

-9
 m

2
 s

-1
 and bClS

D
,

= 1.3 x10
-9

 m
2
 s

-1
 with the SPC/E water 

model [36] 

 bNaS
D

,
= 1.1 x10

-9
 m

2
 s

-1
 and bClS

D
,

= 1.5 x10
-9

 m
2
 s

-1
 with the RPOL water 

model [36] 

 

It should be noted, however, that these values are somehow smaller than the usual 

diffusion coefficients considered in NF models which correspond to transport quantities 

associated with an imposed concentration gradient. The reason for the discrepancy 

between the self-diffusivity and the “transport” diffusivity is that the former is related to 

the single-particle dynamics at equilibrium in the absence of an external field [32] 

whereas the second one describes the collective motion of particles under an external 

field [37]. In order to overcome (at least partially) this difficulty we shall further discuss 

on self diffusivity ratios instead of single value of self diffusion coefficients. For 

example, the mean ratio  bClSbNaS
DD

,,
/  inferred from our simulations is equal to 0.70 

(see Table 4). This result is in good agreement with the same ratio computed from usual 

“transport” diffusion coefficients, which is equal to 0.66 [38]. 

 The overall self diffusion coefficient of ions inside silica nanopores (both 

uncharged and negatively charged) were computed for the various electrolyte solutions 



under consideration. The ratios between confined and bulk self diffusivities (DS,p  / DS,b) 

inferred from MD simulations are collected in Table 5 and compared with the hindrance 

factors for diffusion (Ki,d = Di,p / Di,b). These are equivalent to the ratio between pore 

and bulk “transport” diffusion coefficients and correspond to the macroscopic quantities 

used in current NF models to account for finite size effects on solute diffusion through 

NF membranes [39, 40]. Several approximate analytical expressions of Ki,d derived 

using the centerline approximation are available in the literature [41]. In this work, we 

have used the approximate equations derived by Bungay and Brenner [42] which are 

applicable over the entire range of the solute-to-pore size ratio [43], 
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with λi = ri,Stokes/rp (ri,Stokes is the Stokes radius of ion i and rp is the pore radius), a1 = -

73/60, a2 = 77.293/50.400, a3 = -22.5083, a4 = -5.6117, a5 = -0.3363, a6 = -1.216, a7 = 

1.647. 

 

 

 

 

 

 

 



Bulk solution DS, p + /DS, b +  K+,d DS, p - /DS, b -  K-,d 

NaCl 0.1 M - 0.69 - 0.79 

NaCl 0.5 M 0.52 0.69 0.67 0.79 

NaCl 1 M 0.52 0.69 0.62 0.79 

NaI 0.5 M - 0.69 0.50 0.79 

MgCl2 0.5 M 0.39 0.44 0.67 0.79 

BaCl2 0.5 M 0.37 0.52 0.61 0.79 

NaCl 1 M 

(deprotonated 

pore) 

0.15 0.69 - 0.79 

Table 5. Comparison between hindrance factors for diffusion K+,d and K-,d (computed 

from Equations (4) and (5)) and the ratios between confined and bulk self diffusivities 

for cations (DS,p+  / DS,b+) and anions (DS,p-  / DS,b-) inferred from MD simulations. 

 

MD simulations indicate a slower diffusion for all ions under confinement. The 

values of DS,p  / DS,b we obtained for monovalent ions confined in the protonated 

nanopore are close to those of Cazade et al. who reported DS,p  / DS,b ranging from 0.55 

to 0.65 for Na
+
, F

-
, Cl

-
, Br

-
 and I

-
 ions confined inside a CNT of 3 Å in diameter [32]. 

This suggests that the chemical structure of the internal surface of the nanopore affects 

much more strongly the dynamics of water molecules than that of ions. 

For the protonated pore, the magnitude of confinement effect follows the series 

single-charged anions < single-charged cations < double-charged cations. Interestingly, 

hindrance factors for diffusion (Ki,d) estimated from the macroscopic hydrodynamic 

theory (Equations (3) and (4)) are in qualitative agreement with molecular simulations. 

From a quantitative point of view, although the macroscopic approach is found to 



underestimate the impact of confinement on ion diffusion, a rather fair agreement is 

obtained with diffusivity ratios inferred from MD simulations.  

 

Figure 5. Radial distributions of Na
+
 and Cl

-
 ions inside the deprotonated nanopore 

(bulk concentration: 1M).  

 

On the other hand, the macroscopic approach strongly overestimates the diffusion 

of Na
+
 ions inside the negatively charged nanopore with respect to MD simulations. 

Actually, Equations 3 and 4 used to compute Ki,d were derived assuming neutral solutes 

diffusing along the pore axis (centerline approximation) of an uncharged pore [41]. As a 

result, these equations do not allow accounting for the effect of long-range electrostatic 

interactions on the diffusion of ions through charged nanopores (that is why they lead to 

the same value of Ki,d for both uncharged and charged pores; see Table 5). Dechadilok 

and Deen have recently investigated the influence of electrostatic interactions on 

hindered diffusion of charged solutes inside charged pores by means of finite elements 

techniques [39]. Although their work highlights that electrostatic interactions between 



the diffusing solute and the pore walls can noticeably decrease the intrapore diffusivity, 

it must be stressed, however, that Dechadilok and Deen considered a centerline 

approximation, which is clearly inappropriate in our case. Indeed, figure 4 which shows 

the radial distributions of ions inside the deprotonated nanopore clearly puts in evidence 

that Na
+
 ions are mainly located at the surface of the charged nanopore while they are 

almost absent of the central region of the nanopore. This preferential location of Na
+
 

ions results from the strong attractive interaction between Na
+
 ions and SiO

-
 surface 

sites (the radial charge distribution of the deprotonated nanopore is shown in figure 6). 

This latter is also responsible for the large decrease in the intrapore diffusivity of Na
+
 

reported in Table 5.  It can be noted that no results about the diffusion of Cl
-
 ions inside 

the charged nanopore are reported in Table 5 since Cl
-
 ions were found to be totally 

excluded from the pore by the high negative surface charge density (see figure 5). 

 

Figure 6. Radial charge distribution of deprotonated nanopore 

 



5. Conclusion 

In this work, we investigated the dynamics properties of confined electrolyte solutions 

from the analysis of the mean square displacement versus time of both water molecules 

and ions. The self diffusivity of water molecules was found to be severely hindered by 

confinement. The same qualitative conclusion was obtained for ions. For the protonated 

(i.e., uncharged) pore, the magnitude of the confinement effect was found to follow the 

series single-charged anions < single-charged cations < double-charged cations. 

Interestingly, it was shown that hindrance factors for diffusion estimated from the 

macroscopic hydrodynamic theory give the same sequence and are even in rather fair 

quantitative agreement with MD simulations. On the other hand, the macroscopic 

approach was found to strongly overestimate the self diffusivity of ions confined inside 

the protonated (i.e., negatively charged) silica nanopore. This is mainly due to the fact 

that available analytical expressions of hindrance factors were derived by assuming 

neutral solutes diffusing through uncharged pores. The electrostatic interactions 

between the ions and the pore walls are therefore not taken into account through these 

approximate relations.   
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