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A NEW CLASS OF BALANCED 4-PSK STTC FOR TWO AND THREE TRANSMIT
ANTENNAS

Thi Minh Hien Ngo, Gheorghe Zaharia,&thane Bougeard, Jean Francoigldrd
Institute for Electronics and Telecommunications of RenfiETR) - UMR CNRS 6164
INSA - 20 avenue des Buttes de €nes, 35043 Rennes, France
Email: Minh-Hien.Ngothi@ens.insa-rennes.fr

ABSTRACT Until now, no efficient construction method of STTC has
A new class of 4-PSK Space Time Trellis Codes (STTC) forbeen proposed and systematic code search has been employed
2 and 3 transmit antennas is proposed in this paper. We cath obtain STTC with good performance [3-7]. The main con-
these codes Balanced STTC because they use the points of thibution of this paper is the description of a method of cons
constellation with the same probability. Comparing to know truction of this new class of codes which offers the best per-
codes, these codes offer the best performance. Therdfiere, tformance. Therefore, the systematic search for good codes
systematic search for good codes can be reduced to this clasan be reduced to this class. A table with all the best 4-state
Itis shown that all the best published codes are balanceal. TISTTC and a table with some best 16-state STTC for 2 Tx an-
paper presents the design of these balanced STTC and givesnas are given. Some best 16-state STTC for 3 Tx antennas
a complete list of the best 4-state codes. Several 16-stiate bare also presented. Finally, the performance of all thedeso
lanced codes for 2 and 3 transmit antennas are also given. is evaluated by simulation.
The rest of the paper is organized as follows. Section
1. INTRODUCTION Il briefly describes the STTC. Their performance criteria ar
presented in Section Ill. The new class of balanced codes is
Space Time Trellis Coded Modulation (STTCM) was intro-introduced in Section IV and their properties are listedeg-S
duced in 1998 by Tarokat al.[1] by combining channel co- tion V. The design of 4-PSK balanced space-time trellis sode
ding with the Multiple Input Multiple Output (MIMO) concept for 2 and 3 Tx antennas is described in Section VI and VII
to improve the data rate and the reliability of wireless camm respectively. Finally, it is shown in Section VIII that thegi
nications. Many performance criteria have been estaldisheéB-STTC outperform or equal previously known codes.
to maximize both diversity and coding gain of STTC. The
rank and determinant criteria for slow fading channels with 2 SPACE TIME TRELLIS CODING
the Euclidian distance and the product distance critenia fo
fast fading channels have been proposed in [1]. In [2] CheRye consider the case Bf-PSK space-time trellis encoder as
introduced the trace criterion which governs the coding folshown on Fig.1.
systems with a great product of the numbers of transmit (Tx)

and receive (Rx) antennas. o I 3

Based on above criteria, many different STTC for 2 Tx—| b5 [b5 = b{ b5 "> b b
antennas have been found by a systematic code eearch B=71Trrur 3 T evory 3
The performance study of these codes was carried out over

slow and fast Rayleigh fading channels to identify the mogtl | | L
efficient ones [8]. It has been shown that over slow fadirig
channels, the codes constructed with the trace criterios gi |
similar or even better results that the codes constructéu wi:: ’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’
the rank and the determinant criteria. Over fast fading ehaiye
nels, “trace criterion codes” as Chen'’s codes outperforn th

other tested codes. In the same way, some codes for 3 Tx an-

codes which achieve the best performance have the same pgop i %‘C;_Tl el (e €53 o Mi] ékcgﬁ :
perty: they use the points of the constellation with the same I A A ' ¥O¥ iyt
probability if the data are generated by a binary memoryless ’ > mod 4 o

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

source with equally probable symbols. Therefore, we call
these codes “Balanced-STTC” (B-STTC). Fig. 1. ST trellis encoder with 4-PSK andr Tx antennas



This encoder is composed of one input blockrobits
and v memorg blocks ofn bits. At each timet € Z, all
the bits of a block are replaced by thebits of the previ-
ous block. The'” bit b /"', i = 1...n, of thej*" block,
j = 1...v+ 1, is associated ta; multiplier coefficients
c’-"j € Zon, k = 1...n7t wherenr is the number of Tx

ZV

these valuesr(A). Since the produatank(A).ng > 3, the
minimization of the PEP amounts to use a code which has the
maximum value of the minimum trace.

4. BALANCED CODES

antennas. A ST trellis encoder is thus classically defined by 1 Why balanced codes?

its generator matrixC of nr x n(v + 1) coefficients:

1 1 1 1
11 Cn1 Clu+1 Cnv+1
_ k k k k
C=| 1,4 Cn1 CT 41 Cr 41 1)
no nrp no n
€11 n,1 Clu+1 Crnvt1

The encoder outputs for thé" antenna are computed as
n v+1

yr = Zbe_j+1cﬁj mod 2"

i=1 j=1

(2)

whereyF € Z,. represents the index of ti#-PSK symbol

The concept of “balanced codes” is based on the observation
that all the good STTC proposed in the literature present the
same property: the generated symbols of the constellaten a
equally probable.

Indeed, if the binary input data is generated by a me-
moryless sourc& = {0, 1} with equally probable symbols,
then, in the case of 4-PSK modulation, from a given state
X =[2125...21)" €ZE of the shift-register realized kiy+1)
blocks ofn bits, the MIMO symbolY = [y1ys... yn,]" € Z5T
generated by the STTC encoder shown in Fig.1 is:

Y=C-X (5)

s¥ = em'% sent to thek'™ antenna. The modulated streamswhereC is the generator matrix (1). This is a deterministic

for all antennas are then transmitted simultaneously.

3. DESIGN CRITERIA

relation. Therefore, the STTC is defined by a map:

& 7L 7T (6)

Design criteria have been proposed in [1] [2] to exploit thewhich associates to the staXean unique codeword . Note

nrng spatial diversity order and to offer optimal coding gain.

that®(ZL) C Z}™ represents the set of generated codewords

Cases of slow and fast Rayleigh fading are mainly studiedy’. A given codewordY can be obtained for several states

2 nr

The transmittedi; dimension symbols, = [s}s? ... s} ]T,
where[-]T denotes the transpose operator, are assumed to
grouped in a frame of length¢. For each case, criteria are

derived from the minimization of the Pairwise Error Proba-

bility (PEP),i.e. the probability of transmitting ther x L
dimension coded framg = [s;s;41...8.41,-1] and de-
ciding erroneously in favour of another x L; dimension
coded frameéE = [etetﬂ . et+Lf_1] . Thenr X nr pro-
duct matrixA = BB* is introduced wher@* denotes the
hermitian of thenr x L difference matrixB = E — S.

1_ .1 1 _ 1 _ .l
€t =St -Ciq T St4qCt4Ly—1 T SthLp—1

B =

nrT nr nr nr
€4 — S ...et_‘_qfsi_'_q..

®3)

n

T _ T
CtLp-1 7 St4Lp-1

In [2], Chen proposes a new criterion which is valid in the
case of slow and fast Rayleigh fading channels since the pr
ductrank(A).ngr > 3. Under this assumption, the PEP is

X € Z%. Letn(Y) be the number of occurrences of the
bedewordY .

By definition, a STTC isbalancedif and only if each
generated codewor € ®(ZL) has the same number of
occurrences(Y) = ng > 1.

In addition, if ®(Z%) = Z}7, then all the codewords are
generated and the STTCHglly balanced

Due to the random sour& = {0, 1}, from a given state
X the encoder can have only 4 equally probable next states.
The matrix T of the transition probabilities between these
states corresponds to a Markov chain. Due to the symmetry
of the matrixT, the steady state probabilities of the staXes
are all equal. For a balanced code, by using (5), the gemkrate
codewords Y are also equally probable. In other words, the
generated symbols of the constellation are equally prebabl

%2. Properties of balanced STTC

minimized if the sum of all the eigenvalues of the productThe design of the B-STTC is based on the following pro-
matrix is maximized. For a square matrix, the sum of all theperties:

eigenvalues is equal to the trace of the mafkix

nrt nrt Lg—1 9
r(A) => M= | D |efiq— sty (4)
k=1 k=1 \ q=0

For each pair of coded frames, a matAxand thenir(A)
can be computed. The minimum trace is the minimum of al

Theorem 1If a MIMO code with aL-length shift-register is
fully balanced ther. > L,,;,, = n.nr. One can observe that
Theorem 2Let us consider a balanced MIMO code witli.a
length shift-register. Then, for any additional column rixat
C; € Z5y7, the resulting MIMO code with 4L + 1)-length
khift-register is also balanced.



Definition 1 The vectorsCy, Cs,...,Cy, are linearly inde- 6. DESIGN OF 4-PSK STTC WITH 2 TX ANTENNAS

pendent if the equation The design of the fully balanced codes includes 2 steps:

2101 + 290y 4+ 2, CL =0 € Zo7 (7) e First step: generation of all the base<gt
with z; € {0, 1} holds if and only if allz; = 0 . e Second step: permutation of the column vectors of each
Definition 2 A set of linearly independent vectot, . ..., Crm obtained base to generate all the fully balanced codes.
is called a base fdt;." if and only if Table 1 shows the partition @? in 4 cosets.
spafCi,Cs,...,Cn) = {Z z;Ci/x; € {0, 1}} =Zyr. Table 1. Partition ofZ2 in cosets
i=1 c 0 0 2 2
In this casem = n.ny is the dimension of the s&t}7 . Gl | o 2 0 2
Cio 0 0 2 2
5. PROPERTIES OF THE BASES OFZ'" Gl 1| 3] 1]3
c 1 1 3 3
In the following, a method to design fully balanced codes is LIl o | 2| 0] 2
presented. The properties of the baseEBf, which charac- c 1 1 3 3
terize the fully balanced codes are listed. Further, théesys [1] 1 3 1 3

matic search will be performed only for these fully balance
codes.
Property = The null vector) € Z;” can not be used to
form a base.
Property 2 If the vectorC; € Z}7 is used to form abase, ® Type! codes which contain only non-null vector inCo
thenC,; = —C,; does not belong to this base. e TypeII codes which contaif non-null vectors irC
Property 3 If the vectorsCy, Cs,...,C,, € Z;™ with
m < L, = n.np are linearly independent, then the vectorsg ¢ Design of fully balanced codes of typé

dOne base o%3 contains at least one vectordg and at most
2 vectors inCy (Property 13, 1. Then, there are two types
of fully balanced codes d3:

_ nr A base of a fully balanced code of type | contains only one
Crm+1 = ZMC" €L Aei-Lol @ vector 2p; € Coy\{o} = C;. A secoynpd vectoRp, € Cg
is obtained as the sum of 2 different vectors of a cdget
there are 3 possibilities to choose this coset. Due to the-str
ture of a coseC,, = {p;,—p;,q;,—q;}, there ared dif-
ferent ways to choose thegevectors {p;,q;}, {—p;.¢;},
{pj,—q;}, {—p;,—q;}. The last vector can be chosen in a
different coset, so there aPe 4 = 8 possibilities. Therefore,
there ares - 4 - 8 = 96 different bases of type | 3.

i=1

can not be used to obtain + 1 linearly independent vectors.

Property 4 Cy = 2Z5™ is a normal subgroup of the addi-
tive groupZ;™. For each element € Z5" we consider the
cosetC, = v + 2Z3", where addition is irfZ;”.

Property 5 If u; € C,, andv; € C, thenuy + vy € Cyugn,s
wherea represents the addition &7 .

Property 6 If u; € C, thenuy + C, = Cyugo.

Property 7 u + C,, = Co = 2Z5".

_ _ 6.2. Design of fully balanced codes of typérl
Property 8 The sum of two cosets is defined by

A base of a fully balanced coset code of typecontains2
Cu+Cy={ur+v1/ur €Cuandvr €Co}  (9)  different vectors irC; = 272\{0}. These2 vectors generate

Property 9 The direct sum of two cosets is a coset: Co = 2Z3. Therefore, it is sufficient to choose a vectar
Cu +Cy = Cugo in a coselC, to obtain the whole cosél,. In the same way,
Property 10 If u; € C, then—u; € C,,. if we choose another vectoy in a coset,, the whole coset
Property 1% If py,po,...,pn, € Z57\ {0} are linearly C, is also generated. Moreove_zrl +v1 € Cugo- Therefore,
independent then sp@p: , 2pa, ..., 2pn,.) = 225" = Co. the sum of the vecton; + v, with the coset’, givesCiz,.
Property 12 If p € Z27 then the sum of 2 different Hence, all the vectors @7 are generated.
elements of the cosé}, is an element o\ {2p}. The algorithm to obtain a base of type Il is as follows:

Property 13 One base oZ;” contains at least one vector 1. Choose different vectors irC;; (3 possibilities);
in Co.

Property 14 One base af)” contains at mosir vectors
in the same coset.

Property 15 One base oZ;” always containg vectors
which belong touy cosets’;,, , Cp, , ..., Cp,, . different fromC,
such as the vectorg,, ps, ..., pn, are linearly independent. Therefore, there arg- 3 - 4 - 4 = 144 bases of typd [ in Z3.
Similarly, the coset&’,,, Cp,, ...,Cp,  are called linearly Finally, the total number of the bases&fis: 96+144 = 240
independent. bases.

2. Choose different coset€’,, andC, different fromCg,
(3 possibilities);

3. For each of thes® cosets, choose one representative
(4 possibilities for each coset).



7. DESIGN OF 4-PSK STTC WITH 3 TX ANTENNAS 8. CODE PERFORMANCE

Similarly to the design of 4-PSK STTC with Tx antennas, Before showing all the best codes based on the trace crite-
this section is focused on the design of baseZpf There-  rion, we propose herein some trace properties of 4-state 4-
after, the vectors forming one base will be permuted to abtaiPSK STTC:

different balanced codes. Table 2 shows the partitiofjof e Property P: the codescC= [ ] ,

Table 2. Partition ofZ3 in 8 cosets C’=[ ] and C”=[ ]have the

same minimum trace.

i § (8] % (%) § (§ % % e PropertyP,: the codes c:[ ]and
. —
C[@] (9) § (%) % § § % é c -{] have the same minimum trace.
- oo oy % T ,_. Property Ps: the | codes C—[ ] and
e c’=|[C3C4|[ €1C: || achieve the same minimum trace.
Co 9 9 g g 2 2 % % K PropertyR4: the same minimum trace is obtained by_
(1] 1 3 1 3 1 3 1 3 using a permutation between the rows of the generator matrix
Crs 5 5 ! ! 3 3 3 3 C, i.e, a permutation between the indices of the Tx antennas.
[8] 0 2 0 2 0 2 0 2 An exhaustive computer search is carried out to detect all
Cra U R N R - S - S - S the 4-state 4-PSK STTC with 2 Tx antennas that achieve the
[¢] 1 3 1 3 1 3 1 3 maximum rank and the maximum trace. A setSo6fcodes
CM 1 1 3 3 3 3 3 3 with min (rank(A)) = 2 andmin (tr(A)) = 10 is found. All
. 2 f ? ? g g g 3 these codes offer a minimum product distad%e: 4-6=24
CH] 1 1 3 3 1 1 3 3 which is the best product distance that can be achieved for 4-

state 4-PSK STTC with 2 Tx antennas. Besides, it can be
observed that all these codes are fully balanced STTC of type
Il. Since the minimum trace value has been obtained, alethes

80 codes can be generated by using the trace propétties

Py.

e TypeI codes which contain only non-null vector inCy Table 3 contains all the 4-state fully balanced codes of

type Il which offer the best performance over fast and slow

Rayleigh fading channels with two or more Rx antennas.

One base 0% contains at least one vectord@ and at most
3 vectors inCy (Property 13, 14 Then, there are three types
of fully balanced codes dt3:

e Type I codes which contai@ non-null vectors irCy

e TypelII codes which contaif non-null vectors irC
Table 3. 4-state 4-PSK fully balanced STTC with 2 Tx antennas and

min (tr(A)) = 10

Design of fully balanced codes of typd 71

1 2 0 2] 1L 2 0 273 2 0 273 2 0 2

The algorithm to obtain a typEl I base ofZ3 is as follows: [2 0 2 1] [2 0 2 3} [2 0 2 1] {2 0 2 3]
. . . [2120][2120}[2320]{2320]

1. Chooses linearly independent vectors 6f (28 possi- 02 1 2000 23 210 21 2/10 23 2
bilities). They generaté,. [f § 2 5] [% g 2 g} [§ g 2 5] [g 9 2 g]

2. Chooss linearly independent vectors v, w € Z3 (28 [3 13 3} [(2) i3 (2)] {3 33 3] [(2) 33 3]

possibilities). Therefore, the cos€ls C,,C,, € Z3 are

linearly independent. In this table, all the codes are related due to the trace pro-
perties presented before.

In order to confirm the utility of the fully balanced STTC,
an exhaustive computer search of all 4-state STTC has also
been carried out. The obtained results confirm that Table 3
contains all the best STTC. There are not other codes with
better performance than the codes given in this table.

Finally, the total sum of the bases for the fully balanced For the 16-state 4-PSK STTC, the construction and the
codes of typd 11 is 28.28.8.8.8 = 401 408 bases. research of the best codes are made from the 4-state 4-PSK

In a similar way, we obtai946 176 bases for the fully STTC by using Theorem 2. Table 4 herein contains all the 16-
balanced codes of typ&/ and 516096 bases for the fully state Balanced STTC which offer the best performance over
balanced codes of type Finally, the total number of the fast and slow Rayleigh fading channels with two or more Rx
bases inZ3 is: 401408 + 946176 + 516096 = 1863680  antennas. All these codes hawén (tr(A)) = 16 and offer
bases. a minimum product distancéf, = 128. Among them, we

3. Choose the vectors, € C,,v1 € Cy, w1 € Cy, (8 pOS-
sibilities for each coset). Because + Cy = C,, (Pro-
perty 6, the whole coset,, is generated. In the similar
way,C, andC,, are generated. By usigyoperty 9 the
other cosets are also generated.



Table 5. 16-state 4-PSK fully balanced STTC with 3 Tx antennas

found the code proposed by Ct{eé L2 } (in ~ @ndmin (r(A)) =24

bold in Tab. 4). 022023 [202302] [022302] [02000 1]

. 022232 (022212 (322320[ (022010
Table 4. 16-state 4-PSK fully balanced STTC with 2 Tx antennas 501221| [122120| |[202212| 202100
andmin (tr(A)) =16 220221] [322302] [122320] [01000 2]
[232321] [212323] {232121] [212123] 1220231222120 1202302} 1013232
022102 022102 022102 022102 200212 |203202] [022212] [201200]
[022102] [022102] [022102] [022102] [022023] [230202] [322320] [323020]
22321 2z12323) 2321 21] (212123 320222| (233220|(322002| (122102
212123/ [232121] (212323232321
623303 (633362 523383153230 2 201221]]222012[1220223] 32002 2]
022302/ [022302][022302] 7022302
[212123][232121][212323][232321]
323212 123232321212 7121232
[201220][201220][201220][201220] 9. CONCLUSION
2012202012201 [201220] 7201220 i
393319 391339 [F53338[F21339) In this paper, we proposed a new class of 4-PSK Balanced
123232 325232 128232 B232L7 STTC for 2 and 3 transmit antennas. These codes generate
203220f[203220](203220] 203220 the points of the constellation with the same probabilithals
2032202032201 [203220]/[203220 i -
[121232] [321212] [123232] [323212] been shown thatt_he best STTC belong to this class. There

fore, the systematic search for good codes can be reduced to

this class. A method to design the balanced codes has been
fescribed. A complete list of the best 4-state codes with 2
Fansmit antennas and several 16-state codes for 2 and 3 an-
ennas have also been given. All the 4-state fully balanced

Finally, the performance of all these 4-state and 16-stat
codes is evaluated by simulation and described by the Fra
Error Rate (FER) and Bit Error Rate (BER) over fast Rayleight

fading channel_s. Th_e results are _showed in Fig. 2. Note th%TTC listed in this paper are equivalent. they have the
all the codes given in Tab. 3 achieve the same performancseame rank, trace and product distance. The simulationtsesul

than the code of Chen [2]. and they offer better performanCﬂave shown that they outperform the other 4-state STTC for 2
than the codes proposed in [5]. transmit antennas
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